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li International Journal of Mathematical Combinatorics 


Neither believe nor reject anything, because any other person has rejected of 
believed it. Heaven has given you a mind for judging truth and error, Use it. 


By Thomas Jefferson, an American president. 
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Combinatorial Speculation and 


Combinatorial Conjecture for Mathematics 


Linfan Mao 


(Chinese Academy of Mathematics and System Sciences, Beijing 100080, P.R.China) 


Email: maolinfan@163.com 


Abstract Extended: This survey was widely spread after reported at a combinatorial 
conference of China in 2006. As a powerful tool for dealing with relations among objectives, 
combinatorics mushroomed in the past century, particularly in catering to the need of com- 
puter science and children games. However, an even more important work for mathematician 
is to apply it to other mathematics and other sciences besides just to find combinatorial be- 
havior for objectives. How can it contributes more to the entirely mathematical science, not 
just in various games, but in metric mathematics? What is a right mathematical theory for 
the original face of our world? I presented a well-known proverb, i.e., the six blind men and 
an elephant in the 3th Northwest Conference on Number Theory and Smarandache’s Notion 
of China and answered the second question to be Smarandache multi-spaces in logic. Prior to 
that explaining, I have brought a heartening conjecture for advancing mathematics in 2005, 
i.e., mathematical science can be reconstructed from or made by combinatorialization after a 
long time speculation, also a bringing about Smarandache multi-space for mathematics. This 
conjecture is not just like an open problem, but more like a deeply thought for advancing the 
modern mathematics. The main trend of modern sciences is overlap and hybrid. Whence the 
mathematics of 21st century should be consistency with the science development in the 21st 
century, i.e., the mathematical combinatorics resulting in the combinatorial conjecture for 
mathematics. For introducing more readers known this heartening mathematical notion for 
sciences, there would be no simple stopping point if I began to incorporate the more recent 
development, for example, the combinatorially differential geometry, so it being published 
here in its original form to survey these thinking and ideas for mathematics and cosmolog- 
ical physics, such as those of multi-spaces, map geometries and combinatorial structures of 
cosmoses. Some open problems are also included for the advance of 21st mathematics by a 
combinatorial speculation. More recent progresses can be found in papers and books nearly 


published, for example, in [20]-[23] for details. 


Key words: combinatorial speculation, combinatorial conjecture for mathematics, 


Smarandache multi-space, M-theory, combinatorial cosmos. 
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81. The role of classical combinatorics in mathematics 


Modern science has so advanced that to find a universal genus in the society of sciences is nearly 
impossible. Thereby a scientist can only give his or her contribution in one or several fields. 
'The same thing also happens for researchers in combinatorics. Generally, combinatorics deals 
with twofold: 


Question 1.1. to determine or find structures or properties of configurations, such as those 


structure results appeared in graph theory, combinatorial maps and design theory,..., etc.. 


Question 1.2. to enumerate configurations, such as those appeared in the enumeration of 


graphs, labeled graphs, rooted maps, unrooted maps and combinatorial designs, ...,etc.. 


Consider the contribution of a question to science. We can separate mathematical questions 


into three ranks: 


Rank 1 they contribute to all sciences. 
Rank 2 they contribute to all or several branches of mathematics. 


Rank 3 they contribute only to one branch of mathematics, for instance, just to the graph 


theory or combinatorial theory. 


Classical combinatorics is just a rank 3 mathematics by this view. This conclusion is despair 
for researchers in combinatorics, also for me 5 years ago. Whether can combinatorics be applied 
to other mathematics or other sciences? Whether can it contributes to human's lives, not just 
in games? 

Although become a universal genus in science is nearly impossible, our world is a combi- 
natorial world. A combinatorician should stand on all mathematics and all sciences, not just 
on classical combinatorics and with a real combinatorial notion, i.e., combining different fields 
into a unifying field ([29]-[32]), such as combine different or even anti-branches in mathematics 
or science into a unifying science for its freedom of research ([28]). This notion requires us 
answering three questions for solving a combinatorial problem before. What is this problem 
working for? What is its objective? What is its contribution to science or human’s society? Af- 
ter these works be well done, modern combinatorics can applied to all sciences and all sciences 


are combinatorialization. 


§2. The metrical combinatorics and mathematics combinatorialization 


There is a prerequisite for the application of combinatorics to other mathematics and other 
sciences, i.e, to introduce various metrics into combinatorics, ignored by the classical combina- 
torics since they are the fundamental of scientific realization for our world. This speculation 


was firstly appeared in the beginning of Chapter 5 of my book [16]: 


- our world is full of measures. For applying combinatorics to other branch of mathe- 
matics, a good idea is pullback measures on combinatorial objects again, ignored by the clas- 


sical combinatorics and reconstructed or make combinatorial generalization for the classical 
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mathematics, such as those of algebra, differential geometry, Riemann geometry, Smarandache 


geometries, --- and the mechanics, theoretical physics, --- . 


'The combinatorial conjecture for mathematics, abbreviated to CCM is stated in the fol- 


lowing. 


Conjecture 2.1(CCM Conjecture) Mathematical science can be reconstructed from or made 


by combinatorialization. 
Remark 2.1 We need some further clarifications for this conjecture. 


(1) This conjecture assumes that one can select finite combinatorial rulers and axioms to 
reconstruct or make generalization for classical mathematics. 

(2) Classical mathematics is a particular case in the combinatorialization of mathematics, 
i.e., the later is a combinatorial generalization of the former. 

(3) We can make one combinatorialization of different branches in mathematics and find 


new theorems after then. 


Therefore, a branch in mathematics can not be ended if it has not been combinatorialization 
and all mathematics can not be ended if its combinatorialization has not completed. There is an 
assumption in one's realization of our world, i.e., science can be made by mathematicalization, 
which enables us get a similar combinatorial conjecture for the science. 


Conjecture 2.2(CCS Conjecture) Science can be reconstructed from or made by combinatori- 


alization. 


A typical example for the combinatorialization of classical mathematics is the combinatorial 
map theory, i.e., a combinatorial theory for surfaces([14]-[15]). Combinatorially, a surface is 
topological equivalent to a polygon with even number of edges by identifying each pairs of 
edges along a given direction on it. If label each pair of edges by a letter e, e € E, a surface S 
is also identifying to a cyclic permutation such that each edge e, e € E just appears two times 
in S, one is e and another is e^!. Let a,b,c,--- denote the letters in € and A,B,C,--- the 
sections of successive letters in a linear order on a surface S (or a string of letters on $). Then, 


a surface can be represented as follows: 


S-(-- A; a, B,a 3,0, --), 


where, a € £,A, B,C denote a string of letters. Define three elementary transformations as 


follows: 
(O1) (A,a,a7*, B) e (A, B); 
(O2) (i) (A,a,b, B,b™t,a7t) & (A, c, B,c7!}); 
(ii) (A,a,b, B,a,b) & (A, c, Bc); 
(Os) (i) (A,a,B,C,a*, D) e (B,a, A, D,a™, C); 
(ii) (A,a,B,C,a, D) & (B,a, A,C™!, a, D). 
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If a surface S can be obtained from So by these elementary transformations O4-Os, we 
say that S is elementary equivalent with So, denoted by S ~g So. Then we can get the 
classification theorem of compact surface as follows([29]): 


Any compact surface is homeomorphic to one of the following standard surfaces: 
(Po) the sphere: aa; 


(Pn) the connected sum of n,n > 1 tori: 


—1,-1 -1 —1j-1, 
abiaj bj a305a5 b5 aba, bn ; 


(Qn) the connected sum of n,n > 1 projective planes: 


01010202*** Anan. 


A map M is a connected topological graph cellularly embedded in a surface S. In 1973, 
Tutte suggested an algebraic representation for an embedding graph on a locally orientable 
surface ([16]): 


A combinatorial map M = (%q,8,P) is defined to be a basic permutation P, i.e, for any 
X € A, no integer k exists such that Pre = ax, acting on Xa,ß, the disjoint union of 
quadricells Kx of x € X (the base set), where K = {1,a,3,a} is the Klein group satisfying 
the following two conditions: 


(i) aP = Pta; 
(ii) the group V ; =< a, ß,P > is transitive on X, a. 


For a given map M = (AX5,5, P), it can be shown that M* = (X5,4, Pa) is also a map, 
call it the dual of the map M. The vertices of M are defined as the pairs of conjugate orbits 
of P action on ¥a,g by the condition (i) and edges the orbits of K on X4,5, for example, for 
Va € Xa 8, {x, ax, Bx, abx} is an edge of the map M. Define the faces of M to be the vertices 
in the dual map M*. Then the Euler characteristic X(M) of the map M is 


x(M) = v(M) — £(M) + (M) 


where,v(M), £(M), 6(M) are the number of vertices, edges and faces of the map M, respectively. 
For each vertex of a map M, its valency is defined to be the length of the orbits of P action on 
a quadricell incident with u. 


For example, the graph Ky, on the tours with one face length 4 and another 8 shown in 
Fig.2.1 
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can be algebraically represented by (&4,5, P) with Vag = (x, y, z, U, V, W, om, AY, AZ, AU, AV, QW, 


Bx, By, Bz, Bu, Bv, Bw, apx, o By, a Bz, abu, abv, a Bw) and 


P = (zy, z)(ov,u,w)(aBz, Bu, v)(aBy, adv, aBw) 


with 4 vertices, 6 edges and 2 faces on an orientable surface of genus 1. 

By the view of combinatorial maps, these standard surfaces Po, Pa, Qn for n > 1 is nothing 
but the bouquet B,, on a locally orientable surface with just one face. Therefore, combinatorial 
maps are the combinatorialization of surfaces. 

Many open problems are motivated by the CCM Conjecture. For example, a Gauss mapping 
among surfaces is defined as follows. 


Let S C R? be a surface with an orientation N. The mapping N :S — R? takes its value 
in the unit sphere 


8? = (5,2) € Pla? e y? +2? = 1} 


along the orientation N. The map N :S — S?, thus defined, is called the Gauss mapping. 


We know that for a point P € S such that the Gaussian curvature K(P) 4 0 and V a 
connected neighborhood of P with K does not change sign, 
N(A) 


er 


where A is the area of a region B C V and N(A) is the area of the image of B by the Gauss 
mapping N : S > S?([2],[4]). Now the questions are 


(i) what is its combinatorial meaning of the Gauss mapping? How to realizes it by combi- 
natorial maps? 

(ii) how can we define various curvatures for maps and rebuilt these results in the classical 
differential geometry? 


6 Linfan Mao 


Let S be a compact orientable surface. Then the Gauss-Bonnet theorem asserts that 


/ Í Kie = Sil), 


where K is the Gaussian curvature of S. 


By the CCM Conjecture, the following questions should be considered. 


(i) How can we define various metrics for combinatorial maps, such as those of length, 
distance, angle, area, curvature,--- ? 
(ii) Can we rebuilt the Gauss-Bonnet theorem by maps for dimensional 2 or higher dimen- 


sional compact manifolds without boundary? 


One can see references [15] and [16] for more open problems for the classical mathematics 
motivated by this CCM Conjecture, also raise new open problems for his or her research works. 


§3. The contribution of combinatorial speculation to mathematics 


3.1. The combinatorialization of algebra 


By the view of combinatorics, algebra can be seen as a combinatorial mathematics itself. The 
combinatorial speculation can generalize it by the means of combinatorialization. For this 
objective, a Smarandache multi-algebraic system is combinatorially defined in the following 
definition. 


Definition 3.1([17],(18]) For any integers n,n > 1 andi,1 € i < n, let A; be a set with an 
operation set O(A;) such that (A;, O(.A;)) is a complete algebraic system. Then the union 


TL 


LJ (44 0(A)) 


i—1 


is called an n multi-algebra system. 


An example of multi-algebra systems is constructed by a finite additive group. Now let n be 
an integer, Z1 = ((0,1,2,--- ,n — 1], +) an additive group (modn) and P = (0,1,2,--- ,n— 1) 
a permutation. For any integer 7,0 € i < n — 1, define 


Zi41- P(Z) 


satisfying that if k -- | = m in Zi, then P'(k) +; P*(I) = P'(m) in Z;41, where +; denotes the 
binary operation +; : (P'(k), P*(I)) + P'(m). Then we know that 


is an n multi-algebra system . 

'The conception of multi-algebra systems can be extensively used for generalizing concep- 
tions and results for these existent algebraic structures, such as those of groups, rings, bodies, 
fields and vector spaces, »--, etc.. Some of them are explained in the following. 
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ne n 
Definition 3.2 Let G = |) G; be a closed multi-algebra system with a binary operation set 
i=1 
O(G) ={xi,1<i<n}. If for any integer i, 1 € i € n, (Gi; xi) is a group and forVx,y,z € G 
and any two binary operations x and o, x #0, there is one operation, for example the operation 


x satisfying the distribution law to the operation o provided their operation results exist , i.e., 


zx(yoz)-(xxy)o(xxz) 


(yoz) x x = (yx x) o (z x x), 
then G is called a multi-group. 


For a multi-group (G,O(G)), G1 C G and O(G4) C O(G), call (G1, O(G1)) a sub-multi- 
group of (G, O(G)) if Gi is also a multi-group under the operations in O(G4), denoted by 
Gi x G. For two sets A and B, if AN B = 0, we denote the union AU) B by ACD B. Then we 


get a generalization of the Lagrange theorem of finite group. 


Theorem 3.1([18]) For any sub-multi-group H of a finite multi-group G, there is a represen- 
tation set T', T C G, such that 


G= QÑ. 


zeT 
For a sub-multi-group H of G, x € O(H) and Vg € G(x), if for Vh € H, 


gxhxg ed, 


then call H a normal sub-multi-group of G. An order of operations in O(G) is said an oriented 
nip 
operation sequence, denoted by O(G). We get a generalization of the Jordan-Holder theorem 
for finite multi-groups. 
TL 


Theorem 3.2([18]) For a finite multi-group G — U Gi and an oriented operation sequence 
i=1 


O(G), the length of maximal series of normal sub-multi-groups is a constant, only dependent 
on G itself. 


In Definition 2.2, choose n = 2, G1 = Go = G. Then G is a body. If (G1; x1) and (Gs; x2) 
both are commutative groups, then G is a field. For multi-algebra systems with two or more 
operations on one set, we introduce the conception of multi-rings and multi-vector spaces in 
the following. 


Definition 3.3 Let R = U Ri be a closed multi-algebra system with double binary operation 
i=1 


set O(R) = {(4i, xi), 1 <i <m}. If for any integers i,j, à j,1 € 4j € m, (Ris +i, Xi) isa 
ring and for Vx,y,z € R, 
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(ety) +p2—>o+i (y +z) (rXiy)X;zg =o X; (y X; z) 


and 


£ Xi ly +z) =£Xiy tjt Xiz, (y +jz) Xit =y XiT +j ZX £ 


provided all their operation results exist, then R is called a multi-ring. If for any integer 
1<i< m, (R;+i, Xi) isa filed, then R is called a multi-filed. 


" k 
Definition 3.4 Let V = |] V; be a closed multi-algebra system with binary operation set 
i=1 


O(V) = (G5) | 1 <i € m} and F = Ü F; a multi-filed with double binary operation set 
i=1 

F) = [Ci xi) | 1 <i<k}. If for any integers i,j, 1 < i,j € k andVa, b,c € V, ki, koc F, 
i) (Vis Hi -;) is a vector space on F; with vector additive +; and scalar multiplication ~i; 
ii) (ac-;b)r;c = ad; (bijc) » 

(iii) (ki +i k2) ; a = kı +i (k2 -j a); 7 
provided all those operation results exist, then V is called a multi-vector space on the multi-filed 
F with a binary operation set O(V), denoted by (V; F). 





Similar to multi-groups, we can also obtain results for multi-rings and multi-vector spaces 
to generalize classical results in rings or linear spaces. Certainly, results can be also found in 
the references [17] and [18]. 


3.2. The combinatorialization of geometries 


First, we generalize classical metric spaces by the combinatorial speculation. 


~ m 
Definition 3.5 A multi-metric space is a union M = |] Mi such that each M; is a space with 
i=1 


metric p; for Vi,l «X à € m. 


We generalized two well-known results in metric spaces. 


Theorem 3.3([19]) Let M- U M; be a completed multi-metric space. For an e-disk sequence 
i=1 
{Blen,tn)}, where e, > 0 for n =1,2,3,---, the following conditions hold: 
(i) B(e1, £1) D B(e2, £2) D Bes, £3) D +++ D B(en, £n) D-7; 
(ii) lim e,- 90. 


n—+00 


+oo 
Then (| B(en, £n) only has one point. 


n=1 


Theorem 3.4([19]) Let M- U Mi be a completed multi-metric space and T a contraction on 
i=1 


M. Then 


1<*# (T) € m. 
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Particularly, let m = 1. We get the Banach fixed-point theorem again. 


Corollary 3.1(Banach) Let M be a metric space and T a contraction on M. Then T has just 


one fixed point. 


Smarandache geometries were proposed by Smarandache in [29] which are generalization of 
classical geometries, i.e., these Euclid, Lobachevshy-Bolyai- Gauss and Riemann geometries may 
be united altogether in a same space, by some Smarandache geometries under the combinatorial 
speculation. These geometries can be either partially Euclidean and partially Non-Euclidean, 
or Non-Euclidean. In general, Smarandache geometries are defined in the next. 


Definition 3.6 An axiom is said to be Smarandachely denied if the axiom behaves in at least 
two different ways within the same space, i.e., validated and invalided, or only invalided but in 
multiple distinct ways. 

A Smarandache geometry is a geometry which has at least one Smarandachely denied 
axiom(1969). 


For example, let us consider an euclidean plane R? and three non-collinear points A, B and 
C. Define s-points as all usual euclidean points on R? and s-lines as any euclidean line that 
passes through one and only one of points A, B and C. Then this geometry is a Smarandache 
geometry because two axioms are Smarandachely denied comparing with an Euclid geometry: 

(i) The axiom (A5) that through a point exterior to a given line there is only one parallel 
passing through it is now replaced by two statements: one parallel and no parallel. Let L be an 
s-line passing through C and is parallel in the euclidean sense to AB. Notice that through any 
s-point not lying on AB there is one s-line parallel to L and through any other s-point lying 
on AB there is no s-lines parallel to L such as those shown in Fig.3.1(a). 


E 
C C 
L D 
D lı 
l; 
À B À B 
E FG 
15 
(a) (b) 
Fig.3.1 


(ii) The axiom that through any two distinct points there exists one line passing through 
them is now replaced by; one s-line and no s-line. Notice that through any two distinct s-points 
D, E collinear with one of A, B and C, there is one s-line passing through them and through 
any two distinct s-points F,G lying on AB or non-collinear with one of A, B and C, there is 
no s-line passing through them such as those shown in Fig.3.1(b). 


A Smarandache n-manifold is an n-dimensional manifold that supports a Smarandache 


geometry. Now there are many approaches to construct Smarandache manifolds for n — 2. A 
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general way is by the so called map geometries without or with boundary underlying orientable 
or non-orientable maps proposed in references [14] and [15] firstly. 


Definition 3.7 For a combinatorial map M with each vertex valency> 3, endow with a real 
number u(u),0 < u(u) < zu: to each vertex u,u € V(M). Call (M, u) a map geometry 
without boundary, u(u) an angle factor of the vertex u and orientablle or non-orientable if M 


is orientable or not. 


Definition 3.8 For a map geometry (M, p) without boundary and faces fi, fa,--- , fi € F(M),1 < 


l < $(M)-1, if SLM)N fu, fa, uty fi} is connected, then call (M, p" ES (S(M)M fi, fe, db jfi LL) 
a map geometry with boundary fi, fa,--: , fi, where S(M) denotes the locally orientable surface 
underlying map M. 


The realization for vertices u,v,w € V(M) in a space R? is shown in Fig.3.2, where 
pu (u)p(u) < 2r for the vertex u, pyu(v)u(v) = 2r for the vertex v and py (w)u(w) > 29 for 
the vertex w, are called to be elliptic, euclidean or hyperbolic, respectively. 


K A 


pu (u)u(u) = 27 pu(u)u(u) > 2m 





Fig.3.2 


On an Euclid plane R?, a straight line passing through an elliptic or a hyperbolic point is 
shown in Fig.3.3. 





Fig.3.3 


Theorem 3.5([17]) There are Smarandache geometries, including paradoxist geometries, non- 


geometries and anti-geometries in map geometries without or with boundary. 


Generally, we can ever generalize the ideas in Definitions 3.7 and 3.8 to a metric space and 


find new geometries. 
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Definition 3.9 Let U and W be two metric spaces with metric p, W C U. For Vu € U, if 
there is a continuous mapping w : u — w(u), where w(u) € R" for an integer n,n > 1 such 
that for any number € > 0, there exists a number 6 > 0 and a point v € W, p(u — v) < ô such 
that p(w(u) — w(v)) < e, then U is called a metric pseudo-space if U = W or a bounded metric 
pseudo-space if there is a number N > 0 such that Vw € W, p(w) € N, denoted by (U,w) or 
(U —.w), respectively. 


For the case n = 1, we can also explain w(u) being an angle function with 0 < w(u) < 4v 
as in the case of map geometries without or with boundary, i.e., 


w(u)(mod4r), if ue W, 
2n, ifucU\W (x) 


w(u) = 


and get some interesting metric pseudo-space geometries. For example, let U = W = Euclid plane = 
XL, then we obtained some interesting results for pseudo-plane geometries ()>,w) as shown in 
the following([17]). 


Theorem 3.6 In a pseudo-plane (Y5,w), if there are no euclidean points, then all points of 


(32,0) is either elliptic or hyperbolic. 
Theorem 3.7 There are no saddle points and stable knots in a pseudo-plane plane (X, w). 
Theorem 3.8 For two constants po,00, po > 0 and 0o £ 0, there is a pseudo-plane (S>,w) with 


w(p,0) = 2(x — ©) or w(p, 6) = 2(x + 7) 
Gop Oop 


such that 


is a limiting ring in (X2, w). 


Now for an m-manifold M™ and Vu € M™, choose U = W = M"" in Definition 3.9 for 
n = 1 and w(u) a smooth function. We get a pseudo-manifold geometry (M™,w) on M™. By 
definitions in the reference [2], a Minkowski norm on M™ is a function F : M™ — [0, +00) such 
that 


(i) F is smooth on M™ \ {0}; 
(ii) F is 1-homogeneous, i.e., F(Xu) = AF(u) for u € M" and A > 0; 
(iii) for Vy € M™ \ {0}, the symmetric bilinear form gy : M" x M" — R with 
Tv) = 10? F?(y + su + tv) | 
Merc Osdt iet 


is positive definite and a Finsler manifold is a manifold M™ endowed with a function F : 
TM" — [0, +00) such that 
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(i) F is smooth on TM" \ (0) = U(TzM" \ {0} :z e M™}; 
(it) Fln.uw — [0, +00) is a Minkowski norm for VF € M™. 


As a special case, we choose w(%) = F(T) for z € M™, then (M™,w) is a Finsler manifold. 
Particularly, if w(z) = gz(y,y) = F?(z,y), then (M™,w) is a Riemann manifold. Therefore, 
we get a relation for Smarandache geometries with Finsler or Riemann geometry. 


Theorem 3.9 There is an inclusion for Smarandache, pseudo-manifold, Finsler and Riemann 
geometries as shown in the following: 


{Smarandache geometries) D {pseudo — manifold geometries} 
> {Finsler geometry} 


D {Riemann geometry}. 


Other purely mathematical results on the combinatorially differential geometry, partic- 
ularly the combinatorially Riemannian geometry can be found in recently finished papers 
[20] — [23] of mine. 


84. The contribution of combinatorial speculation to theoretical physics 


'The progress of theoretical physics in last twenty years of the 20th century enables human 
beings to probe the mystic cosmos: where are we came from? where are we going to?. Today, 
these problems still confuse eyes of human beings. Accompanying with research in cosmos, new 
puzzling problems also arose: Whether are there finite or infinite cosmoses? Are there just one? 
What is the dimension of the Universe? We do not even know what the right degree of freedom 
in the Universe is, as Witten said([3]). 

We are used to the idea that our living space has three dimensions: length, breadth and 
height, with time providing the fourth dimension of spacetime by Einstein. Applying his princi- 
ple of general relativity, i.e. all the laws of physics take the same form in any reference system 
and equivalence principle, i.e., there are no difference for physical effects of the inertial force 


and the gravitation in a field small enough., Einstein got the equation of gravitational field 


1 
Ruy — 3 P9w + Agu = —8TGT yy. 


where Ruy = Rup = Ro 








piv? 
Or*. Br : 
eb n m Drs F Folo m Ilo 








1 Og Og Og 
T9 = 2gre( mP a pe 
mn 39 ( Qu^ | Qum OuP ) 
and R= g"" R,,,. 
Combining the Einstein's equation of gravitational field with the cosmological principle, 


i.e., there are no difference at different points and different orientations at a point of a cosmos 
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on the metric 10^l.y. , Friedmann got a standard model of cosmos. The metrics of the standard 


cosmos are 


dr? 


ds? = —c?dt? + a? (t| — m + 1^ (d6? + sin? 0d?) 
1- Kr? 


and 


gt = L, Grr = -I KR 2 909 = R*(t) sin* 0. 


'The standard model of cosmos enables the birth of big bang model of the Universe in 
thirties of the 20th century. The following diagram describes the developing process of the 


Universe in different periods after the Big Bang. 


„= 


ACH s 
uL. inflation 
tiny iracion ~ ~ 
ol a second — = 
a af = NN 





Fig.4.1 


4.1. The M-theory 


The M-theory was established by Witten in 1995 for the unity of those five already known string 
theories and superstring theories, which postulates that all matter and energy can be reduced to 
branes of energy vibrating in an 11 dimensional space, then in a higher dimensional space solve 
the Einstein’s equation of gravitational field under some physical conditions ([1],[{3],[26]-[27]). 
Here, a brane is an object or subspace which can have various spatial dimensions. For any 
integer p > 0, a p-brane has length in p dimensions. For example, a 0-brane is just a point or 
particle; a 1-brane is a string and a 2-brane is a surface or membrane, ---. 

We mainly discuss line elements in differential forms in Riemann geometry. By a geomet- 


rical view, these p-branes in M-theory can be seen as volume elements in spaces. Whence, we 
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can construct a graph model for p-branes in a space and combinatorially research graphs in 


spaces. 


Definition 4.1 For each m-brane B of a space R™, let (n1(B), na(B),--- , nj (B)) be its unit 
vibrating normal vector along these p directions and q : R™ — R^ a continuous mapping. Now 


construct a graph phase (G,w, X) by 


V(G) = (p — branes q(B)], 
E(G) = ((q(B1), 4(B3))|there is an action between Bı and B3], 


w(q(B)) = (nı (B), n2(B), +: ,n(B)), 


and 


A(q(B1),q(B2)) = forces between Bı and Bo. 


Then we get a graph phase (G,w,A) in R^. Similarly, if m = 11, it is a graph phase for the 
M-theory. 


As an example for applying M-theory to find an accelerating expansion cosmos of 4- 
dimensional cosmoses from supergravity compactification on hyperbolic spaces is the Townsend- 
Wohlfarth type metric in which the line element is 

ds? = e" (— S8dt? + S?da2) + reeds, , 


where 





é(t) = —— (In K (t) - 301), 


m-1 
m. m+2 
S? = Kme mit 
and 


AoGre 
(m = 1) sin[AoC]|t + til] 


with ¢ = \/3+6/m. This solution is obtainable from space-like brane solution and if the 
proper time ¢ is defined by d; = S?(t)dt, then the conditions for expansion and acceleration are 


K(t) = 


gS > 0 and as > 0. For example, the expansion factor is 3.04 if m = 7, i.e., a really expanding 
cosmos. 

According to M-theory, the evolution picture of our cosmos started as a perfect 11 dimen- 
sional space. However, this 11 dimensional space was unstable. The original 11 dimensional 
space finally cracked into two pieces, a 4 and a 7 dimensional subspaces. The cosmos made the 
7 of the 11 dimensions curled into a tiny ball, allowing the remaining 4 dimensions to inflate at 


enormous rates, the Universe at the final. 
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4.2. The combinatorial cosmos 


The combinatorial speculation made the following combinatorial cosmos in the reference [17]. 


Definition 4.2 A combinatorial cosmos is constructed by a triple (Q, A, T), where 


and T = {ti;i > 0} are respectively called the cosmos, the operation or the time set with the 
following conditions hold. 


(1) (Q,A) is a Smarandache multi-space dependent on T, i.e., the cosmos (Q;,O;) is 


dependent on time parameter t; for any integer 1,1 > 0. 


(2) For any integer i,i > 0, there is a sub-cosmos sequence 


(S): Qi D- 2 Qia 2 Dio 


in the cosmos (Q;,O;) and for two sub-cosmoses (Nij, O;) and (Qu, Oi); if Qij D Qu, then there 
is a homomorphism Ppo;; Qa : (Qiz, Oi) > (Qu, Oi) such that 


(i) for V(OQj, Oi), (Qo, Oi), (Qs, Oi) € (S), if Qi D Qi D Qis, then 


Pii, Qis — PO,» 9 Piz, Niso 


where o denotes the composition operation on homomorphisms. 
(ii) for Vg, h € Qi, if for any integer i, poa (g9) = po, (h), then g — h. 
(iii) for Vi, if there is an f; € Qi with 


00,9; no; (Fi) = 0o; a; (Fi) 


for integers i, j, Q; ANQ; #9, then there exists an f € Q such that poo, (f) = fi for any integer 


1. 


By this definition, there is just one cosmos Q and the sub-cosmos sequence is 








R> R D R? D R! > R? = {P} R7 D- DRI DR} ={Q}. 








in the string/M-theory. In Fig.4.2, we have shown the idea of the combinatorial cosmos. 


16 Linfan Mao 





Fig.4.2 


For 5 or 6 dimensional spaces, it has been established a dynamical theory by this combina- 
torial speculation([24]-[25]). In this dynamics, we look for a solution in the Einstein's equation 
of gravitational field in 6-dimensional spacetime with a metric of the form 


2 
ds? = —n?(t, y, z)dt? + a?(t, y, z)d Y; HP (t, y, z)dy? + d? (t, y, z)dz? 
k 


where ay represents the 3-dimensional spatial sections metric with k = —1,0,1 respec- 
tive corresponding to the hyperbolic, flat and elliptic spaces. For 5-dimensional spacetime, 
deletes the indefinite z in this metric form. Now consider a 4-brane moving in a 6-dimensional 
Schwarzschild-ADS spacetime, the metric can be written as 


2 2 
ds? = —h(z)dt? + 54. +h-(z)d22, 
k 


where 
dr? 
= 2 2 2 2 
d J =i get" dYa + (1— kr )dy 
k 
and 
2 M 
h(z) =k + qu = 38" 


'Then the equation of a 4-dimensional cosmos moving in a 6-spacetime is 


. i i 
R Ro Ke) 9 (s) k 5 
gap iE. aO UD ge CO og om 
RTR 64^ a P-?gm-m 


by applying the Darmois-Israel conditions for a moving brane. Similarly, for the case of a(z) Æ 
b(z), the equations of motion of the brane are 
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dR — dR E ES PR 











nS - (den — n2.) = — Pap 6) +9), 
V14+@R? 8 

1+ dR2 = —— (p +p- P), 

2 
1+d?2R? = —— P- 3(p— 8), 
where the ena A on the brane is 
»" a 1 
Tu, = hvaTh — gere 


with T? = diag(—p, p, p, p, p) and the Darmois-Israel conditions 


2 
[yw] = —R(g)T uv: 
where €, is the extrinsic curvature tensor. 


'The combinatorial cosmos also presents new questions to combinatorics, such as: 


(i) to embed a graph into spaces with dimensional» 4; 
(ii) to research the phase space of a graph embedded in a space; 
(iii) to establish graph dynamics in a space with dimensional> 4, ---, etc.. 


For example, we have gotten the following result for graphs in spaces in [17]. 


Theorem 4.1 A graph G has a nontrivial including multi-embedding on spheres Py D P» D 
: D P, if and only if there is a block decomposition G = lj Gi of G such that for any integer 


(due a. = 
(i) Gi is planar; 
i+1 
(i) forvee V(G;), Nala) c CU. v6). 
j-i- 


Further research of the combinatorial cosmos will richen the knowledge of combinatorics 


and cosmology, also get the combinatorialization for cosmology. 
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Abstract: In this paper, we investigate the structures of cycle bases with extremal prop- 
erties which are related with map geometries, i.e., Smarandache 2-dimensional manifolds. 
We first study the long cycle base structures in a cycle space of a graph. Our results show 
that much information about long cycles is contained in a longest cycle base. (1)Any two 
longest cycle bases have the same structure, i.e., there is a 1-1 correspondence between any 
two longest cycle bases such that the corresponding cycles have the same length; (2)Any 
group of linearly independent longest cycles must be contained in a longest cycle base which 
implies that any two sets of linearly independent longest cycles with maximum cardinal num- 
ber is equivalent; (3)If consider the range of embedded graphs, a longest cycle base must 
contain some long cycles with special properties. As applications, we find explicit formulae 
for computing longest cycles bases of several class of embedded graphs. As for an embedded 
graph on non-orientable surfaces, we obtain several interpolation results for one-sided cycles 
in distinct cycle bases. Similar results for shortest cycle bases may be deduced. For instance, 
we show that in a strongly embedded graph, there is a cycle base consisting of surface in- 
duced non-separating cycles and all of such bases have the same structure provided that 
their length is of shortest(subject to induced non-separating cycles). These extend Tutte’s 
result [7](which states that in a 3-connected graph the set of induced(graph) non-separating 


cycles generate the cycle space). 


Keywords: Cycle space, longest cycle base, SDR, long cycle. 
AMS(2000): 05C30. 


81. Introduction 


Here in this paper we consider connected graphs without loops. Concepts and terminologies 
used without definition may be found in [1]. A spanning subgraph H of G is called an E- 
subgraph iff each vertex has even degree in H. It is well known that the set of E-subgraphs of G 
forms a linear space @(G) called the cycle space of G. Here, the operation between vectors(i.e., 
E-subgraphs) is the symmetric difference between edge-sets of E-subgraphs. It is clear that the 
rank, defined by 8(G) (the Betti number of G), of @(G) is | E(G)| — |V(G)| +1 and any set 
of G(G) linearly independence vectors form a base of @(G). The length I(B) of a cycle base B 
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is the sum of length of vectors in it. In particular, the length of an E-subgraph is the sum of 
length of edge-disjoint cycles in it. Throughout this paper, we only consider the vectors with 
only one cycle. So, the bases considered are all formed by cycles. By a longest base B we mean 
I(B) is the length of a maximum cycle base. 

Cycle space theory rooted in early research works of Kirchoff's circuits theory. In the- 
ory, Matroid theory is one of motivations of it [10-12], also related with map geometries, i.e., 
Smarandache 2-dimensional manifolds ([5]-[6]). In particular, cycle bases with minimum length 
have many applications in structural analysis [2], chemical storage theory [3], as well as fields 
such bioscience [4]. In history, classical works concentrated on minimum cycle bases(i.e., MCB). 
On the other direction, results for cycle spaces theory on long cycles are seldom to be seen. 
What can we say about longest cycle bases? In intuition, a longest cycle base should contain 
information about long cycles(especially the longest cycles). Here, in this paper we investigate 
the structure of longest cycle bases. Based on a Hall type theorem for base transformation, we 
present a condition for a cycle base to be longest. 


Theorem A Let B be a cycle base(i.e., vectors of B are all cycles) of G. Then B is longest 
if and only if for every cycle C of G: 


Va E€ Int(C) = |a|2|C| (1) 
where Int(C) is the set of cycles in B which span C. 


Note: (1) This condition says that for a longest base B, any cycle can’t be generated by shorter 
cycles of B; 

(2) One may see that such Hall type theorem is very useful in studies of cycle bases with 
particular extremal properties. 

The following result shows that any group of linearly independent longest cycles are con- 
tained in a longest cycle base. In particular, any longest cycle is contained in a longest cycle 
base. 


Theorem B Let C1, C5,..., C, be a set of linearly independent longest cycles of graph G. 
Then there is a longest cycle base B containing Ci, 1 X à € s. 


If consider the cycles passing through an edge, then after using Theorem A we may see that 
for every edge e of a graph G, every longest cycle base must contain a cycle which is longest 
among cycles passing through e. 


Corollary 1 Any longest cycle of a graph must be contained in a longest cycle base. 


Based on Theorem A, we obtain the following unique structure of longest cycle bases. 


Theorem C Let Bı and Bə be a pair of two longest cycle bases of a graph G. Then there is 
a 1-1 correspondence p between Bi and By such that for each cycle a € B1, | p(a)| = | al. 


Corollary 2 A graph G’s any two longest cycle bases must contain the same number of 
k-cycles, for k = 8, 4, ...,n. 


Since the condition (1) of Theorem A implies that a cycle can't be generated by shorter 
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cycles in a longest cycle base, we have the following 


Corollary 3 Let Bı and Bz be a pair of two longest cycle bases of a graph G. Then the two 
subgroups of Bı and Ba which contain longest cycles are linearly equivalent. 


Corollary 4 Let Bı and B» be a pair of two longest cycle bases of a graph G and Ay, A, be 


the sets of k-cycles of Bı and B», resp. Then |) Ax is equivalent to |) At; for each p — 3, 4, 


k=p k=p 


sag Ms 


As applications of Theorems A-C, we will compute the length of longest cycle bases in 
several types of graphs. But what surprises us most is that those results are also very useful in 


computing cycle bases with particular extremal properties. In particular, we have the following 


Theorem D Let G be an embedded graph with Bi and B» to be a pair of its longest(shortest) 
cycles bases. If Bı and Bz contain, resp., s and t distinct one-sided cycles, them there is 
a longest(shortest) cycle base B with exactly k distinct one-sided cycles for every integer k 


between s and t. 
Since our results may be applied to any pair of bases, we have 


Theorem D' Let G be an embedded graph, and B1, B2 be a pair of cycle bases containing, 
resp., m and n one-sided cycles. Then G has a cycle base containing exactly k distinct one-sided 


cycles for any natural number k between m and n. 


A cycle C of an embedded graph G in a surface > is called (surface)non-separating if 
$5- C is connected; otherwise, it is (surface)separating. If one component of X` — C is an 
open disc, then C is contractible or trivial; if not so, C is called non-contractible. It is clear that 
a non-separating cycle is also non-contractible. Since a non-separating cycle can't be spanned 
by separating cycles (as we will show later), we have the following result. 


Theorem E A longest cycle base of an embedded graph must contain a longest non-separating 
cycle; amy longest non-separating cycle is also contained in a longest cycle base; furthermore, 
if a pair of longest cycle bases contains, respectively, m and n longest non-separating cycles, 
then for every integer k : m < k < n, there is a longest cycle base containing exactly k longest 


non-separating cycles . 


On the other direction, if we consider the shortest cycle bases, then interesting properties 
on short cycles will appear. We call a graph G in a surface to be LEW-embedded if the length 
of shortest non-contractible cycle is longer than any facial walk. It is well known that an LEW- 
embedded graph shares many properties with planar graphs [8]. Here, we will present some 
more unknown results for cycle bases of LEW-embedded graphs. 


Theorem F Let G be an LEW-embedded graph and B,, Bz be a pair of shortest cycle bases. 
Then, we have the following results: 

(1) For any separating cycle C € B; and non-separating cycle C' € Bi, |C' | » |C]; 

(2) Both Bı and B» contain exactly v(*) non-separating cycles, where v(Y7) is the Euler-genus 
of the surface Y, in which G is embedded; further more, the subsets of separating cycles of By 
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and B» are linearly equivalent; 


(3) Both Bı and B3 have the same number of shortest non-separating cycles. 


If we restrict some condition on an embedded graph, then some unknown results are ob- 


tained. For instance, we have the following 


Theorem G Let Bı and Bz be a pair of longest cycle bases of an embedded graph G. If the 
length of longest non-separating cycle is longer than that of any separating cycle, then both By, 


and Bz have the same number of longest non-separating cycles. 


A cycle of a graph is induced if it has no chord. A famous result in cycle space theory 
is due to W. Tutte which states that in a simple 3-connected graph, the set of induced cycles 
each of which can't separate the graph generates the whole cycle space [9]. If we consider the 
case of embedded graphs, then this cycle set may be smaller. In fact, we have the following 


Theorem Let G be a 2-connected graph embedded in a non-spherical surface such that its 


facial walks are all cycles. Then there is a cycle base consists of induced non-separating cycles. 


Remark(1) Tutte's definition of a non-separating cycle differs from ours. The former defined 
a cycle which can't separate the graph, while the latter define a cycle which can't separate the 
surface in which the graph is embedded. So, Theorem H and Tutte’s result are different. From 
our proof one may see that this base is determined simply by (surface)non-separating cycles. 
As for the structure of such bases, we may modify the condition of Theorem A and obtain 


another condition for bases consisting of shortest non-separating cycles. 


Remark(2) Theorem H implies the existence of a cycle base B satisfying 
i ) All cycles in this cycle base B are non-separating; 
ii) The length of this base B is shortest subject to i). 


We call a base defined above as shortest non-separating cycle base. 


Theorem I Let G be a 2-connected graph embedded in a non-spherical surface such that all 
of its facial walks are cycles. Let B be a base consisting of non-separating cycles. Then B is 


shortest iff for every non-separating cycle C, 
V a € Int(C) —|C| > |a], 


where Int(C) is the subset of cycles of B which span C. 


Combining Theorems H and I we obtain the following unique structure result for shortest 


non-separating cycle bases. 


Theorem J Let G be a 2-connected graph embedded in some non-spherical surface with all 
its facial walks as cycles. Let Bı and B» be a pair of shortest non-separating cycle bases. Then 
there exists a 1-1 correspondence p between elements of Bı and Bz such that for every element 
a € Bi, |a| =| e (o). 


Remark From our proof of Theorem J, one may see that if the surface in which the graph is 
embedded is non-orientable, then we may find a cycle base consisting of one-sided cycles and 
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so, there is a cycle base satisfying 

i ) All cycles in the base are one-sided cycles; 

ii) The length of the base is shortest subject to i); 

iii) Any pair of cycle bases satisfying i) and ii) have the same structure, i.e., there is a 1-1 
correspondence between them such that the corresponding cycles have the same length. 


92. Proofs of general results 


In this section we shall prove Theorems A- C. Firstly, we should set up some preliminaries 
works. Let M = (S1, S2,..., Sm) be a set of m sets. If each S; contains an element a; such 
that a; Z aj for i Z j, then (a1,a2,...,a@m) is called a SDR of M. The following is a famous 
condition for a system of sets to have a SDR. 


Lemma 1(Hall’s theorem [7]) Let M = (S1, S2,..., Sm) be a system of sets. Then M has a 
SDR iff for any k subsets of M, their union has at least k elements, 1 € k € m. 


'The following is an application of Lemma 1. 


Lemma 2 Let By = (01,02,..., Qm}, B2 = (01, 85,..., Bm} be a pair of bases of a linearly 
vector space Vm over a field F. Then M = (S1, S2,..., Sm) has a SDR, where S; = Int(a;) is 


the set of vectors of Bz which spans oj, 1 < i < m. 


Proof Suppose on the contrary. Then there is an integer number k and k subsets, say 
$1, $5, ett) Sk such that 








k 
L si] <k (2) 
i=1 
This shows that a1, a2,...,a@% may be generated by less than k elements of B5, a contradiction 











as desired. 





Proof of Theorem A Let B be a longest cycle base of G and C be a cycle of G. Then there 


is a set Int(C) of cycles of B which span C, i.e., C = $7 © Cj. If there is a cycle C; € Int(C) 
CEC 
with |C;| < |C], then B1 = B — C; + C is another cycle base with length longer than that 


of Bı, contrary to the definition of B. Thus, (1) holds for every cycle of G. On the other 
hand, suppose that B is a cycle base of G satisfying (1) and Bi is a longest cycle base of G. 
Let B = (03,02,..., Qm}, Bi = (1,99... Ym}, m = B(G). Then for each y; € Bi, there is 
a set Int(y;) of cycles of B which span qi. By Lemma 2, (Int(51), Int(72),...,Int(¥m)) has a 
SDR= (o4,05,...,0,,) such that o; € Int(5;), 1 € i € m. Then by (1), we have that 


le] > lul, L<i<m 











which implies that 1(6) > 1(B,) and so, B is also a longest cycle base of G. 





Proof of Theorem B Let B be a longest cycle base of G such that | Bn (C1, C2,...,Cs} 
is as large as possible. If | Bn (C1, C5,..., C,]| = s, then C; € B for 1 € i € s. B is the 
right cycle base. Otherwise, there is an integer k(1 < k < s) such that Cp ¢ B. Then B has 
a subset Int(C,) spanning Cy. It is clear that Int(Cx) Z (C1, C2,..., Cs}. Hence, there is a 
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cycle C; € Int(Ck) C1, Co,...,Cs}. Since Theorem A shows that a cycle can't be generated 
by shorter cycles in a longest cycle base, we have that | C;| = | C,|. Thus, B1 = B — C; + Cy is 
a longest cycle base containing more cycles in (C1, C5,..., Cs} than that of B, a contradiction 











as desired. 





Proof of Theorem C Let Bi = (C1,C5,..., Cm}, B2 = (0,,C5,..., Cl } be a pair of 
longest cycle bases of G, m = B(G). Then for each C; € B», there is a subset Int(C;) C By 
such that C; is spanned by vectors of Int(C;). By Lemma 2, (Int(C;), Int(C5), . .., Int(C;,)) 


has a SDR, say (Ci, C5,..., C4) with C; € Int(C;), 1 € i € m. By Theorem A, fes < 
|C;, 1 € d € m. Let o: C; — Ge . Then ¢ is a 1-1 correspondence between 6, and B3. Since 
both of them are longest, we have that | e(C;)| = |C;| = |Ci], 1 € i € m. This ends the proof 
of Theorem C. 














83. Applications to embedded Graphs 


In this section, we shall apply the results of § 2 to obtain some important results in graph theory. 
We first introduce some definition for graph embedding. Let G be a graph which is topologically 
embedded in a surface S such that each component of S — G is an open disc. Such graph 
embedding are called 2-cell embedding. We may also define such embedding in another way as 
the monograph [8] did. An embedding of a graph is a rotations system 7 = (7| v € V(G)} (each 
Ty is a cyclic permutation of semi-edges around v) with a signature 7 : E(G) — {-1,1}. If 
a cycle C has even-number of negative signatures, it is called a two-sided cycle; otherwise, it 
is called a one-sided cycle. If an embedding permits no one-sided cycles, then it is called an 
orientable embedding; otherwise, it is non-orientable embedding. It is clear that a one-sided 
cycle is contained in a Móbius band which bounds a crosscap. 


Proof of Theorem D Let Bı = {a1,q2,...,Qm} and Bs = (0, 5,..., Bm} be a pair of 
longest(shortest) cycle bases of a graph G, m = B(G), such that Bı and B2 have s and t one- 
sided cycles, resp. Suppose that s < t and k is an integer: s < k < t. We will show that 
there exists a longest cycle base B with exactly k one-sided cycles. We apply induction on the 
value of | s — t|. It is clear that the result holds for smaller value. Now suppose that it holds 
for values smaller than | s - t|. By Lemma 2, (Int(04), Int(85), ...,Int(65,)) has a SDR, say 
(Qir Qiz» --- Qim) with o;; € Int(8;) , where each Int(G;) is the set of cycles of B1 which span 
B;,1<j<m. Further, |a; | = | 8;| by the definition of By and 52,1 < j € m. Since B2 has 
more one-sided cycles than that of 61, there is a one-sided cycle 8; such that Int(8;) contains 
a two-sided cycle, say aj, of Bı. In fact, we may choose aj, = a; by the 1-1 correspondence. 
Now let B = Bı — ai, + j. Then B is another longest cycle base with exactly s + 1 one-sided 





cycles. By induction hypothesis, the result holds. 














Proof of Theorem D’ It follows from the proof of Theorem D. 





Before our proving of Theorem E, we have to do some preliminary works. First, we have the 
following result for surface topology. 


Lemma 3 Let G be an embedded graph and C a non-separating cycle of G. Then C can’t be 
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generated by a group of separating cycles . 


Proof Since every separating cycle is two-sided and a one-sided cycle can't be spanned 
by two-sided cycles, we may suppose that C is a two-sided non-separating cycle. Recall that 
C is non-separating iff G)(C) = G,(C), where G;(C) and G,(C) are, respectively, the left- 
subgraph and right-subgraph of C ( as defined in [8]). Suppose that C may be spanned by a set 
of separating cycles. Then C may also by spanned by a set of facial walks : 0f1,0f»,...,0f., 


i.e., 





C —0fio0f20...00f,, Int(C) ={O0fi, Ofo,...,0fs }, 


This implies that for every edge e of C, e is covered(contained) in exactly one facial walk 
of Int(C) = { fı, Ofo,...,0f,} and every edge in { Of), Ofo,...,0f; }\E(C) is contained in 
exactly two walks in { Of1, Ofo,...,Ofs }. 

Let « € V(C) and e be an edge of C containing x. Then the local rotation of edges incident 
to x is IL; = (e, €1,€2,..., €p, €p41,..., €q), Where ep+1 is another edge of C having a common 
vertex with e. Each pair of consecutive edges forms a corner Ze; re;,j containing x. It is clear 
that each corner is contained in a region bounded by some facial walk in Int(C). If the corner 
Zexe is contained in a region bounded by a facial walk, then each corner Ze; re;41(1 < i € p) 
is also contained in some facial walk. In particular, ep41 is also contained in a facial walk. 
Thus, if a facial walk of Int(C) is on the right-hand side of C and shares an edge with C, then 
all corner together with its edges on the right-side of C are contained in facial walks of Int(C). 
Since each edge of C is contained in exactly one facial walk of Int(C), we see that no facial walk 
of Int(C) may contain an edge of C which is in G)(C). Notice that C is non-separating and 
thus there is an path P starting from an edge of G,(C) containing a vertex of C and ending 
at another edge in G;(C) which contains a vertex of C. This implies that G*, the dual graph 
of G, contains a path P* connecting a pair of facial walks which are on the distinct side of C. 
We may choose P* such that it has no edge corresponding to an edge of C. It is easy to see 
that the vertices of P* correspond to a set of facial walks of Int(C) which form a facial walk 
chain. Hence, the two end-facial walks corresponding to the two end-vertices of P must be in 
Int(C). This is impossible since Int(C) has no such pair of facial walks ( containing edges in C) 











on distinct side of C. This ends the proof of Lemma 3. 





Proof of Theorem E Let B be a longest cycle base and C a longest non-separating cycle. If 
C & B, then C is spanned by a set Int(C) of cycles of B. By Lemma 3, Int(C) contains a non- 
separating cycle C which is no shorter than that of C (by (1) of Theorem A), so |C| = |C | 
and C” is also a longest non-separating cycle. This proves the first part of Theorem E. Now let 


Bı = {ai Oye 8m; Om415- s Oi) 
B» = Ais as se n les xy h 
be a pair of longest cycle bases with exactly m and n non-separating cycles. Let o;(1 € i € m) 


and 7;(1 € j € n) be non-separating cycles of B1 and Bi, respectively. Then for each y; € B2, 
there is a set Int(y;) of cycles of Bı spanning y;. By the proving procedure of Theorem A, the 
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system of sets 
(Int(71), Int(y2),...,Int(qn),..-, Int(yg(c)) ) 


has a SDR (a1,05,...,0; 


nerga) and further o; € Int(y;) such that |o;| = |y], 1 < i € 
B(G). It is clear that there is an integer, say k(1 < k < n), such that a, is separating since 


n? 
m < n implies that B5 has more longest non-separating cycle than that of B1. Now consider 
the set B3 = B3 — Yk + Or, is a longest cycle base containing exactly n — 1 longest non-separating 
cycles. Repeating this procedure, we may find a longest cycle base with exactly | longest non- 














separating cycles for each | : m X | € n. This ends the proof of Theorem E. 


Proof of Theorem F Let B; = {a1,Q2,...,Qm,Qm41,---,@g(q)} be a MCB (minimum 
cycle base) of an LEW-embedded graph G, where o;(1 € i € m) and aj(m < j < B(G)) 
are, respectively, non-separating cycle and separating cycle. Suppose that there are y facial 
walks: 9fi,0f2,...,0f,. It is clear that @m+41,Qm+2,---, @a(q) may be linearly expressed 
by (0fi1,0f2,...,0fz 1). Let Of;(1 € i € p — 1) be a facial walk. Then Of; is spanned by 
a subset Int(Of;) of Bı. Since Bı is shortest, every cycle of Int(Of;) must be contractible by 
Theorem A. Thus, {8 f1, 0f», ..., Of, 1j is linearly equivalent to {Qm41, @m+2,---,;@g(q)}, l6. 
B(G) — m = q — 1 (which says that B4 has exactly v(»7) non-separating cycles, where v(»7) is 
the Euler-genus of the host surface )> on which G is embedded). This ends the proof of (2). 

Let o; and o; be, respectively, non-separating cycle and separating cycle of B4 such that 
|o;| € | o|. Then a; is spanned by a set Int(a;) of facial walks. It is clear that there is a facial 
walk, say o, of Int(a;) which can't be generated by vectors in 6,\{a;}. It is easy to see that 
|9fx| < |a;|(since otherwise, | oj] € |Ofx| will contrary to the definition of LEW-embedded 
graph). Hence, B1 — a; + Of, will be a shorter cycle base, contrary to the definition of B1. So, 
we have | a;| > | o;j| which ends the proof of (1). 

Let 


By 
B2 


101,02, +++) Qs, Os Else , acy}, 


iv 2; ft Yt ee yeh 


be a pair of MCBs such that {a1,a2,...,a;} and {71,72,.--, Yt} are, respectively, the set of 
longest non-separating cycles of B1 and B5. Suppose that s € t. Then for each 4;(1 € i € 6(G)), 
there is a subset Int(y;) of Bı which span qi. By the proving procedure of Theorem A, the 
system of sets: (Int(71), Int(y2),...,Int(yg(q))) has a SDR, say (04,05, ..., aay) such that 
o; € Int(%) and |o;| = | v|,1 € à € B(G). By (1) we see that each o;(1 € i < t) is non- 
separating which implies that 05, az, TT „a; is a collection of longest non-separating cycles of 
G in Bı. Thus, t € s. This ends the proof of (3). 

















Proof of Theorem G It follows from the proving procedure of Theorem E. 





Proof of Theorem H Notice that any cycle base consists of two parts: the first part is 
determined by non-separating cycles while the second part is composed of separating cycles. 
So, what we have to do is to show that any facial cycle may be generated by non-separating 
cycles. Our proof depends on two steps. 
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Step 1 Let x be a vertex of G. Then there is a non-separating cycle passing through zx. 

Let C' bea non-separating cycle of G which avoids x. Then by Menger’s theorem, there 
are two inner disjoint paths P, and P? connecting x and C'. Let P, AC’ = {u}, PAC = {v}. 
Suppose further that ni v and v au are two segments of Cc. where e is an orientation of C. 
Then there are three inner disjoint paths connecting u and v: 


Since C' — Q1 U Q» is non-separating, at least one of cycles Q2 U Q3 and Qı U Q3 is non- 
separating by Lemma 3. 


Step 2 Let Of be any facial cycle. Then there exist two non-separating cycles C4 and C2 
which span Of. 

In fact, we add a new vertex x into the inner region of Of (i.e., int(Of)) and join new edges 
to each vertex of Of. Then the resulting graph also satisfies the condition of Theorem H. By 
Step 1, there is a non-separating C passing through x. Let u and v be two vertices of CN Of. 
'Then u Cv together with two segments of Of connecting u and v forms a pair of non-separating 








cycles. 











Proof of Theorem I and J It follows from the proving procedure of Theorem A and C. 





94. Examples 
Next, we will compute the lengths of longest cycle bases in some types of graphs. 


Example 1 Let G be a * Mobius ladder graph " embedded in the projective plane as shown 
in Fig.1. 





Fig.1 


It is clear that G is non-planar and 3-regular. There are n quadrangles defined as 


(Ti, Zil Yi+ Yi); 16i En-l 
Gs 


(Zn, V1; X1: Un); i= 
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and n Hamiltonian cycles as 


A= 4 4 uult iugi Lisni 


[1,109,224 us Ds Pads eo Das LS =n 


where H is the Hamiltonian cycle (z1,22,..., 2n, Y1; U2,.... Un). It is easy to see that 
C () © Hj is the Hamiltonian cycle H . 


Case 1 n= O0 (mod 2). 
Claim 1 (Hi,H»,..., Hn} is a linearly independent set. 
If not so, one may see that 


M,6H2@::-@H, =0 


This implies that 





(Hı © Ct) 9 (H2 ® C2) @--- @ (Hn Ci) =C18 C20- C) 


nH=H=0, 


a contradiction. 
Let C be a (2n-1)-cycle which is non-contractible. Since n = 0 (mod 2), we have 


Claim 2 C can’t be generated by (Hi, H2,..., Hn}. 


This follows from the fact that C is a one-sided cycle which can't be spanned by two-sided 
cycle. Then B = (C, Hi, H»,..., Hn} is a longest cycle base. Otherwise, G would have a 
longest cycle base which consists of n + 1 Hamiltonian cycles, and so G is bipartite. This is a 
contradiction with the fact that G has an odd cycle (z1,22,..., En, ya). 


Case 2 n=1(mod 2) 
Claim 3 (Hi, Ho,..., Hn—1} is a set of linearly independent cycles. 


This time, we consider the contractible Hamiltonian cycle H. Then (Hi, Ho,..., H4 4, H} 





is also a set of linearly independent cycles. If not so, H would be the sum of H1, H5,..., Hn-1, 
i.e., 

H = Hı ® H2 4 D Hn-1, 
that is, 


H C1803- 6Cr! = (Hı e Ct) (H2 6 Cf) @ (Hn-1 CY") 
=(n-1)H= 0, 


Now, we have that 
H=01 eCo- 00r. 





30 Han Ren and Yun Bai 





This is impossible(since C} 6 C2 6--- o C? o C? =H). 


Let H' be a non-contractible Hamiltonian cycle. Then by Claim 2, B = (Hi, H»,... 
H, 4,H,H ') is a Hamiltonian base of G. 


$ 


Example 2 Let us consider the longest cycle base of Kn, the complete graph with n vertices. It 
is easy to see that (Kn) = 3(n—1)(n-2) = C 
explanation of 8(K,,). Suppose V(G) = [zi,z2,..., £n}. Then Kn — £n = K4.1, ie. the 
complete graph with n — 1 vertices £1, 22,...,2%n—1. Let us consider a ( n-1)-cycle "M = 
(21,22,...,€4 1) and z;, z; € V(Cy_1)(i < j). Then Hi; = 2; 10, a2; zia ma is 
a Hamiltonian path of K,-1. Now we find @(K,,) Hamiltonian cycles defined as C; (i, j) 


;2 1, which suggests us to give a combinatorial 


— => . 
(Tr Ti—1 C C, cj Ti Cn—-12%;-1) in formal. 
Claim 4 /f|i— j| > 2, then the set {Cr(i, j)|1<i<j € n — 1) is linearly independent set. 


This follows frow the fact that (r;, xj) € E(Cn(i, j)) is an edge which can't be deleted by 
the definition of symmetric difference. 


Case 1 n=1(mod 2) 


Now the n -cycles C,(i, i + 1) = (Gn, Zi+1, Sip2; n1, 21,22,...,2;), (1 <i € n— I) 
is linearly independent cycles. Otherwise, we have that 


C,(1, 2) B C4(2, 3) 6... $8 C,(n—-1, 1) 20 


which implies (1C, = 0, a contradiction! Based on this and Claim 4, {Cn (i, j |1 <i< j< 
n — 1} is a set of linearly independent Hamiltonian cycles. 


Case 2 n=0(mod 2) 


Although (C; (1, 2), C4(2, 3),..., C, (n, 1)} is linearly dependent set of Hamilton cycles, 
(€5(1, 2), Cr(2, 3),..., Cu (n — 1, n)} is a set of linearly independent cycles. Since Xn can't 
have a Hamiltonian base, it’s longest cycle base is (C, (i, j)|1 € i < j € n}\{Cy(n, 1)} together 
with a (n-1)-cycle (1, 2, ...,n - 1). 


Example 3 Let G be an outer planar triangular graph embedded in the sphere with its 
triangular faces fi, fo,...,f,—1. Then it has exactly one Hamiltonian cycle fp, here we use 
Of to denote the boundary of a face f. By Euler’s formula, p — 1 = (G), where q is the 
number of faces. Let us define a set of cycles as following 



































Cn = ô fo, 

Cn—-1 = Of: © Ofe 9- DOfFg_2, C, = Ofo-1 ® Ofp 20-- OOfs 
Cn-2 = Of: 060f20-0G0fo s, Cho = Ofo-1 9 Ofop_2 ® + Ifs 
Cn—k = Of: 6 Of2 B+: BOfy—K-1 


Cin = 0f, 190fo 20. BOfar1, 1Sk<y-2. 
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fe 


Fig. 2 


" 


{Cn Cn-1, Cn-2. -, Caga JU (Cni Cnc2s Cus]; Y = 0 (mod 2) 


" 1 


(Cn; Cni, n-2,. Caga JU {Cn Cna Cus] P= 1(mod2) 





Thus B satisfies the condition of Theorem A. Hence, B is a longest cycle base, and the 
length of longest cycle base is 





n3 -1) 30-2) e 2 (223), ip = 0 (mod 2) 











yp = 1 (mod 2) 


4 2 
n+2(n—1)+2(n 2:2 (222) — 


Example 4 Again we consider the ^ Möbius ladder graph " in Fig.l. It is clear that the 
edge-width(i.e., ew(G)) is n +1 and there are n + 1 shortest non-separating cycles: 


(1s 925 «3 Yas Vay Vay so yn) lzizn 
Ge 


(Ui; Y2; - -< Yn, T1), i=n+1 


Notice that 6(G) = n + 1 and {C1, C2,...,Cn+1} may generate every facial cycle and 
every non-contractible cycle of G. Thus, B = {01, C2,...,Cn} is a shortest non-separating 
cycle base with length I(B) = (n+1)?. Although there are many such bases in G, they have the 
same structure as we have shown in Theorem J. Since our definition of non-separating cycles on 
locally orientable surface refuses the existence of facial cycles in such shortest non-separating 
cycle base, there may exist an edge contained in exactly one cycle in such a base. For instance, 
the edge (z1, Yn) in Fig.1 is contained in exactly one non-separating cycle of such shortest cycle 
base. 
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81. Introduction 


The crossing number cr(G) of a graph G is the smallest crossing number among all drawings 
of G in the plane. It is well known that the crossing number of graph is attained only in good 
drawings of the graph related with map geometries, i.e., Smarandache 2-manifolds (see [8] for 
details), which are those drawings where no edges cross itself, no adjacent edges cross each 
other, no two edges intersect more than once, and no three edges intersect in a common point. 
Let $ be a good drawing of the graph G, we denote the number of crossings in this drawing of 
G by cr¢(G). 

'The investigation on the crossing number of a graph is a classical and however very difficult 
problem ( for example, see [3]). Garey and Johnson [4] have proved that the problem to 
determine the crossing number of a graph is NP-complete. Because of its difficulty, presently 
we only know the crossing number of some classes of special graphs, for example: the complete 
graphs with small number of vertices ([15]), the complete bipartite graph of less number of 
vertices in one bipartite partition ([7],[15]), certain generalized Peterson graphs ([12]), and 
some Cartesian product graphs of two circuits([2],[11]-[14]), of path and stars ([9]). 

The crossing numbers of complete bipartite graphs Km,n were computed by D.J.Kleitman 
[7], for the case m < 6. He proved that 

n, n-—l 


cr(Kmn) = Z(m,n),ifm <6, where Z(m,n) = Ed [eim 5 





IR 
On the crossing number of the complete tripartite graphs, as far as the authors know, there 
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only are the following two results: Kouhei Asano [1] proved that 
cr(Ki3n) = Z(4,n) + 5], and cr(Ko3.n) = Z(5,n) +n; 


and Huang [5] recently proves that er(I€1,4,4) = n(n — 1). 
In this paper, using Kleitman’s theorem, we determine the crossing number of complete 
tripartite graph Ky 5, for any integer n > 1. The main result of this paper is the following 


theorem. 


Theorem 1 (the main result) For any integer n > 1, 
n 
cr(K45,n) = Z(6, n) + 4151 


We now explain some notations. Let G be a graph with vertex set V and edge set E. If 
A C E (or A C V), we use G(A) to denote the subgraph of G induced by A; if G is known from 
the context, we simply write (A) instead of G(A). For two mutually disjoint subsets X and Y 
of V, we use Exy to denote all the edges of G incident with a vertex in X and a vertex in Y. 
For a vertex v, E, denotes all the edges of G incident with v. 

Let A and B be two sets of edges of a graph G. If ¢ is a good drawing of G, we denote 
cro( A, B) by the number of all crossings whose two crossed edges are respectively in A and in 
B. Especially, cr; (A, A) will be denoted by crg(A). If G has the edge set E, the two signs 
cr¢(G) and cr; (E) are essential the same. 

The following formulas, which can be shown easily, are usually used in the proofs of our 


lemmas and theorem. 


crg(AU B) = erg (A) + cre(B) + erg (A, B) 


cra(A, BU C) = ers (A, B) + ers (A, C), g 


where A, B and C are mutually disjoint subsets of E. 
In the next section we shall give some lemmas, and then prove our theorem in the last one. 


82. Some Lemmas 


Lemma 2.1 Let G be a complete bipartite graph Km,n with the edge set E and the vertex 
bipartition (Y, Z), where Y = {y1,-+: , Ym}, and Z = (z1,*:- , Zn}. If ó is any good drawing of 
G, then 


(n. 2)erg(B) = 9 ^ ers (EX Bas) 


Proof The conclusion follows from the fact that in the drawing of Km,n, there are n 











drawings of Km,n-1, and each crossing occurs in (n — 2) of them. 





Lemma 2.2 Let G be a complete tripartite graph Ks m,n with the edge set E and the vertex 
tripartition (X, Y, Z), where X = (xi,--- ,z.], Y = (yu, yu]; and Z = {z1, , zn}. If 


is any good drawing of G, then we have 
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Ms 


Il 
un 


(i) S crg(E \ Ea) = (n — 2)erg(E) + > ors(Exy, Ea) + 2cre(Exy); 


t 


Ms 


(ii) X org(B\ Ey) = (m — )era(E) + > crg(Exz, Ey.) + 2crg(Exz) 


a 


Proof We only prove (i), because (ii) is analogous by the symmetry of the vertex tripartition 
of G. Using the formula (1), we have 


erg(E) = erg(Exy U Exz U Evz) 
= crg(Exy) + cro(Exz U Eyz) + crg(Exy, ExzU Eyz) 


n 


= crg(Exy) +crg(ExzU Eyz) +S erg(Exy, Bx) (2) 
i=1 





Since (Exz U Eyz) is isomorphic to the complete bipartite graph Ks+m,n with the vertex 
bipartition (X UY, Z), it follows from by Lemma 2.1 that 


n 


(n—2)crg(Exy UEy z) = > ers ((ExzUE¥z)\ Ex ) (3) 


i=l 


On the other hand, using the formula (1) again we have 


crg(E \ Ez) 


ero ((Exv U ExzU Eyz) \ E,,) 
= erg(Exy) + erg((Exa U Evz) \ B(x) 
Tere (Exv. (Exz U Eyz) \ En) 


= crọ(Exy)+ org ((Exz U Eyz) \ En) 


+> crg(Exy, Es) = crg(Exy, Ez); 
j=l 


namely, we have 


crol E \ Ez) = crọ(Exy) +erg((Exz U Ey z) \ En) +) crọ(Exy, E.) = crọ(Exy, E.,) (4) 
j=l 
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Taking sum for i on the two sides of (4) above, we obtain that 


5 crg(E VEA) = nerg(Exy) + DY ers ((Exz U Eyz) \ E.,) 
i—1 {=l 
+> (X ers(Exy, E) — ers (Ex, Ez.) 
iz ul 
= nerg(Exy) + Y ers ((Exz U Eyz) \ En) + (n = 1) 5 crọ(Exy, Ez) 
i—1 i=l 





= ncrg(Exy) + (n = 2)erg(Exy U Eyz) 
+(n = 1) p crg(Exy, E) (by (3) above) 
i=1 
= 2cre(Exy)+ »3 erg(Exy, Ez) 
i=l 


+(n — 2) (ers(Exv) + erg(ExzU Eyz) + 5 crg(Exy, E.,)) 
= 2cr¢(Exy)+ Y Cro(Exy , Ez) + (n — 2)erg (E) (by (2) above) 











'This proves the lemma. 





Note that in Lemma 2 above, if X is a set containing a single vertex x, then Exy is the 
set of edges incident to z, and thus crg(Exy) = 0 by any good drawing 6. 


Lemma 2.3 Let G be a complete tripartite graph K1,5,, with the edge set E and the vertex 
tripartition (X, Y, Z), where X = {x}, Y = (yy: ys; and Z = {z,--- , Zn}. If à is a good 
drawing of G satisfying that crg(E) = Z(6,n) -- A[] — a for some a. Then we have 


5 
(1) if n = 2k, then Ð erg(Exz, Ey,) > 2k? — 2k + 3a; 
i=1 


5 
(2) if n = 2k +1, then > erg(Exz, Ey,) > 2k? — A + 3a. 
i=l 
Proof Let e; denote the edge xy; for 1 <i < 5, and fj denote the edge xz; for 1 < j <n. 
Without loss of generality, assume that under the drawing ¢, the reverse clock order of these 
five edges e; (1 € i € 5) around z is: e1 — e2 — ea — e4 — es. These five edges form five 





angles: a; = Zejrej,1, where 1 € i < 5 and the indices are read module 5. We see that in 
the plane R?, there exists a circle neighbor N(z,e) = (s € R? : ||s — a|| < e}, where e is a 
sufficiently small positive number, such that for any other edge e of 1,5, not incident with zx, 
e can not be located in N(z, c). Since the graph K1,5,,, has still n edges f; that are incident to 
x (1€ j € n), let A; denote the set of all those edges fj, each of which lies in the angle a; (see 
the Fig. 1 in the next page). Clearly, we have that |Ai| + |A3| + |As| | A4| =n. 

In the following, associated with the drawing ¢ of G, we shall produce five new graphs Gi, 
together with their respective good drawing $; (1 € i € 5), where each G; is isomorphic to the 
complete bipartite graph K5 n+1. We shall heavily illustrate how to obtain the graph Gi and 
its drawing $1, for the rest cases the method is analogous. 
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Fig. 1 


First, we delete all edges in E, and the vertex y; from G, and then remove the part of e; lying 
in N(z,£) for 2 € i € 5 (not remove the vertex x); add a new vertex z,4,1 in some location of 
e4 N N(a,€). Now we connected z,44 to x and y; (i = 2,3,4,5) by the following way: connect 
Zn+1 to x and y4 respectively along the original two sections of e4; connect zn+41 to ya by first 
traversing through a3 (near to x) and then along the original section of e3 lying out N(z,&); 
connect 2,41 to yo by successively traversing through a3 and az (near to x) and then along the 
original section of ez lying out N (zr, €); connect zn+1 to ys by first traversing through o4 (near 
to x) and then along the original section of eg lying out N(a,¢). Then we obtain the graph 
G, with its a good drawing $1. Obviously, G, is isomorphic to 5,,,1. The following figure 2 
helps us to understand the obtained graph G4 and its drawing $1, where the dotted line denote 
the way how zn41 is connected to x and y; (2 € i € 5). 





Fig. 2 


'Then it is not difficult to see that 
erg (G1) = ere (EN Ey, ) + |42| + 21 As] + Al. (4) 


By the symmetry of y;, we can analogously easily obtain the graphs G; and its goods drawings 
Qi for 2 < i € 5. For example, the graph G2, together with its good drawing $», is displayed in 
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the following figure 3. 





Fig. 3 


Similarly, for $2, $3, $4 and $5, we have respectively the following equalities : 


T'ha (G2) — crol E \ Eys) T 
CT'h3 (G3) z crol E \ Eys) T 


Tha (G4) = crol E \ Ej) T 








€ b5 (Gs) = crol E \ Eys) La 


Since each G; (1 € i € 5) is isomorphic to 


5 
5Z(5 n1) € Sd cra (Gi) 


5 5 

= Sere(B\ E ) +45 lA 
5 

= So cre(E \ Ey,) +4n 


i= 








5 
= 8erg(E) +)  cre(Exz, By.) 4 
i=1 





Aa 


A 


Ag 





A 


the 


+ 2|A4| + | As 
+ 2|As| + | 44 
+ 2|A1| + | As 
+ 2|A2| + | 4a 




















(5) 


(6) 


(7) 


(8) 


complete graph 5,41, we get that 
Cro, (G;) > Z(5,n +1). Therefore, by (4)-(8) above, we have 


+ 2crg(Exy)+4n (by Lemma ?? (2)) 





5 
= 8erg(E) +) ers (Exz, By.) 4 
i=1 


So it follows that 


- 4n 


(because cro(Exy) — 0) 
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M- 


Il 
m 


crg(Exz,Ey,) > 5Z(5,n + 1)-— 3crọ(E)-— 4n 


5Z(5,n + 1) — 3(Z(6,n) +4 s] = a) — 4n 


2k? — 2k + 3a, when n = 2k; 


2k? —4+3a, whenn=2k+4+1 





This proves the lemma. 











Lemma 2.4 Let G be the complete tripartite graph Kı 5,n with the edge set E and the vertex 
tripartition (X,Y, Z), where X = {x}, Y = (yy: ,ys], and Z = {21,--- , Zn}. Assume 
that n = 2k + 1, where k > 0. If ó is a good drawing of G satisfying that crg(E \ Ez) = 
Z(6,n—1)+4 [z=] for any 1 € j € n, then crọ(E) Æ Z(6,n) + 4 [2] — 1. 


Proof Assume to contrary that crg(E) = Z(6,n) +4 [2] — 1. By using the formula (2) in 
the proof of lemma 2.2, we have 


5 
TL 
Z(6, n) +4 [=| -l= cro (E) = cr¢(Exz) + crg(Exy U Eyz) + 3 crg(Exz, Ey). 
i—1 


Since (Exy U Eyz) is isomorphic to the complete bipartite graph Ks,41, we have that 
Cro(Exy U Eyz) > Z(5,n + 1). Noting that crg(Exz) = 0, we thus have 


5 
Y ers(Exv, Ey) € Z(6,n) +4 s] —1- Z(5,n4-1) 2 2&2 1 


i=1 
On the other hand, by our assumption that crg(E£) = Z(6,n)+4 [2] —1, and that n = 2k+1, 


5 
with the help of Lemma 2.3(ii) we have X crg(Exz, Ey,) > 2k? — 1. This implies that 
ici 


5 
>> ere(Exz, Ej) = 2h? -1 (9) 
i=1 


Since (E \ E,,) is isomorphic to the complete tripartite graph Ky,mn—1 with the vertex tri- 
partition (X, Y, Z \ {z;}), applying the formula (2) in the proof of Lemma 2.2 to the graph 
(EN E.,), we have 


5 
ero(EN Ez) = ero (Ext) + erg (Exy U Eya\tes)) +) ere (Excess Ep) , 


i=1 
where Ej, = Ex (y, U Ezta ptu} 
Since (Exy U Ey(Z\{z;})) is isomorphic to the complete bipartite graph K5,n, erg (Exv U 


Ey(z v2) > Z(5,n). Again, since Ex(z\{z;}) is the set of edges incident to x, we have that 
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Cro (Exc) = 0 by the good drawing ¢. Therefore we have 


5 
rs (Exata) E,,) = ce(ENXE:) — cro (Ex) = erg (Exy U Ey(z\tz,)) 


i—1 


= crg(ENE;) — cro (Exv U Eyiz\te;)) 


zd 
< Z(6,n—1)+4 E — Z(5,n) 
= 2k?-2k 
'That is to say, we have 
5 
JO er6(Excz\t25)> Ey) < 2k? - 2k (10) 
i—1 


Because Ex (;, U Et, (,,; is the set of edges incident to zj, cro(Ex(,,j, E(2,)(y,)) = 0 by the 
good drawing $. Note that E7, = Ey; V Et;;j(y,j. Hence, we have 


erg(Exz,Ey,) = erg(Exz, Ey) + crol Ex (Zz) Etsy) 
= (cro(Exate) Ep) erg Exes E,)) ere (Ex (Zz) Etz Hu) 
= erg(Ex(z\{2;})) Ey) + ro(Ex {z} Ey; \ Eves} tu}) 

Fere( Ex z\ tes} Pta Hut) 

= erg(Ex(z\{2;})) Ey) + ere (Ex quj; Ey) 7 er Ex 4p Eta Hup) 





terg(Exz, Eta Hup) — ere (x y Etsy) 











= cré(Ex(zvyp Ey) + ero(Ex (,)); Ey) + ero(Exz, Etz Hu} 


Taking sum for i on two sides of the last equality above, we have 


5 5 5 
Yoerg(Exz, Ey) = c xcNG Ey) + Lere(Ex tu) Ey) 
11 i—1l =] 
5 
*» ere(Exz, Era 
i=1 


Combining with (9) and (10) above, we then obtain that 


5 5 
2k? — 1 < 2k? — 2k + V ers (Ex s), Ey) +X ero(Exz, Ey) (11) 


i=1 i=l 


Again, taking sum for j on the two sides of the inequality (11) above, and noticing n = 
2k + 1, we get that 
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n n n 5 n 5 
NORR -1) < XOR- 2k) +Y V ers (Exc, En) + 92 cro (Exz, Bees }(us}) 
j=l g=1 g=1i=1 j—1 i—1 
5 n 
= (2k+1)(2k? — 2k) + M (Ler Ex(25); Ey.) 
i—-l 7=1 
5 n 
+ 5 (X cra(Exz, Etz;}tus})) 
i=1 'j-—1 
5 5 
= (2k +1)(2k? — 2k) + X crg(Exz, Ey) + 9 , crg(Exz, Ezty,3) 
i=1 i=1 


5 
= (2k +1)(2k? — 2k) + 5 erg(Exz, Ey,) 





5 

+> (cro(Exz, Ey; ) — cro(Exz, Ex) (because Ez, = Ey, \ Ex ty} ) 
i=1 
5 
= (2k +1)(2k — 2k) - 2M ers (Exz, By) 
i=1 

(This is because Exz U Ex, is the set of edges incident to x, by the good 
drawing ¢ ,crg(Exz, Ezty,}) =0 for any 1 <i < 5) 


= (2k+1)(2k? — 2k) +2(2k?—1) (by (9) above) 


Therefore, it follows that (2k + 1)(2k — 1) < 2(2k? — 1). This is a contradiction for any 


real number k, and proving the conclusion. 














83. Proof of Theorem 1 


Let the complete tripartite graph K1,5,n having the edge set E and the vertex tripartition 
(X,Y,Z), where X = {x}, Y = {y1;, ys}, and Z = {z1,--- , Zn}. To show that er(K1,5,4) € 
Z(6,n)+4 [2] , we consider a drawing of K4 ,5,n as a immersion into R?, satisfying the following: 


(1) é(z) = (0,1); 

(2) (yi) = (0, (—1)*4), i = 1,2, 9 (ys) = (e, 2), $(y4) = (€, 3), 9 (ys) = (2e, 4), where € is a 
sufficiently small positive; 

(3) &(2) = (C71) [£2] ,0). 

For example, a drawing of 1,55 on the plane is shown in the Fig.4. It is not difficult to 
see that crg(E) = Z(6,n) + 4 [3]. This thus shows that cr(K1,5,,) € Z(6, n) - 4 [2]. In order 
to prove the theorem, we only need to prove the conclusion that crg(K1,5,n) > Z(6,n) +4 [2] 
for any good drawing ¢. Assume to contrary that there is a good drawing ¢ of K1 5,n satisfying 
cr¢(Ki5n) = Z(6,n) + A[8] — a, where a > 1. We now consider the following two cases, 


according to as n is even or odd. 


Claim 1 The desired conclusion is true when n (= 2k) is even. 
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Subproof By our assumption that crg(K1,5,,) = Z(6,n) + A|8] — a, it then follows from 
Lemma 2.3(i) that 
5 
Y ero ( Ez, Eyi) = 2k? — 2k + 3a. 


i=l 





Fig. 4 


Note that crg(Exz) = 0 by the good drawing ¢. Since (Exz U Eyz) is isomorphic to 
the complete bipartite graph A541 with the vertex bipartition (Y, X U Z), we have that 
Cro(Exy U Ey z) > Z(5,n +1). Using the formulas (2) in the proof of Lemma 2.2, we get that 


Z(6,n) +4 s] —a = cre(E) 


5 


= cr¢(Exz) + crg(Exy UEyz)+ 5 cro(Exz, Ej) 
i=1 
5 
> Z(5,n+1)+ > (Exz, Ey) 
i=1 
5 
Therefore, $ crg(Exz, E(yi)) € 2k? —2k— a. So, we get that 2k? —2k+3a < 2k? — 2k— a, 
i=l 
namely, a < 0. This contradicts to the hypothesis that a > 1, proving the claim. 


Claim 2 The desired conclusion is true when n (= 2k + 1) is odd. 


Subproof. Since n is odd, by Lemma 2.3(ii) we first have 


5 
S > crg(Exz, E(ys)) > 2k? — 4+ 3a 
4=1 
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Similarly, using the formulas (2) in the proof of Lemma 2.2, we get that 


Z(6,n)  4|7] -a = crg(E) 


IV 


5 
Z(5,n+1)+ XC erg(Exz, By), 


i=l 


which follows that x (Exz, Ey,) € 2k? — a. Hence, we get that 2k? — 4+ 3a < 2k? — a, namely 
a < 1. Sincea > 1 B our assumption, this implies that a = 1, and thus it must be that 

crg(E) = Z(6,n) +4 s] = (12) 
Again, with the help of the formula (1), we have 


cro (E) = crg(Exy UExzU Eyz) 


crg(Exy) + cr¢(Exz U Eyz) + cr¢(Exy, ExzU Eyz) 





n 
= crg(Exy) + cr¢(Exz U Eyz) ar 5 crọ(Exy, Ez) 
Since (Exz U Ey z) is isomorphic to the complete bipartite graph K¢,, with the vertex bipar- 


tition (X UY, Z), it has that crg(Exz U Eyz) > Z(6,n). Noting that cr;(Exy) = 0 by the 
good drawing of $, we thus have 


Z(6,n) +4 s] —1=crg(E) > Z(6,n) Y cr6(Exy, Ez), 


=l 
which follows that 
Y crọ(Exy, Ea) < Z(6,n) +4 [=] —1- Z(6,n) 2 4k- 1 (13) 
= 
Combining with Lemma 2.2(i), we have 
Soerg(E\ En) = 2cre(Exy) + >= cre(Exy, Ez) + (n — 2)erg(E) 
j—1 i—1 


= 3 erg(Exy, Ez) + (n — 2)er;(E) (because crg(Exy) = 0) 


< 4k-14(n— 2)(Z(6,n) +4 [=] z 1) (by (12) and (13) above) 


n—1 





= (Z6. - 1) +4] ) (because n = 2k +1 ) 


That is to say, we have 





Ye Bs) <n(2(6.n—1) +4]9]) (14) 


i=l 
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On the other hand, since, for any 1 € i € n, (E \ E(z)) is isomorphic to the complete 


tripartite graph /€,,5,,.1, and since n — 1 is even, it follows from the truth of Claim 1 that 
erg (EN Ez) > Z(6,n — 1) -- A [zt] for any 1 € i € n. Combined with (14) above, it must 
happen that crg(E \ Ea) = Z(6,n — 1) + A[2z3] for any 1 € i € n. This, together with n 
being odd and (12) above, contradicts Lemma 2.4, proving this claim. 











Therefore, the proof of Theorem 1 is finished. 
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Abstract: A Smarandache geometry is a geometry which has at least one Smarandachely 
denied axiom(1969), i.e., an axiom behaves in at least two different ways within the same 
space, i.e., validated and invalided, or only invalided but in multiple distinct ways and a 
Smarandache n-manifold is a n-manifold that support a Smarandache geometry. Iseri pro- 
vided a construction for Smarandache 2-manifolds by equilateral triangular disks on a plane 
and a more general way for Smarandache 2-manifolds on surfaces, called map geometries was 
presented by the author in [9] — [10] and [12]. However, few observations for cases of n > 3 
are found on the journals. As a kind of Smarandache geometries, a general way for con- 
structing dimensional n pseudo-manifolds are presented for any integer n > 2 in this paper. 
Connection and principal fiber bundles are also defined on these manifolds. Following these 
constructions, nearly all existent geometries, such as those of Euclid geometry, Lobachevshy- 
Bolyai geometry, Riemann geometry, Weyl geometry, Kahler geometry and Finsler geometry, 
..,etc., are their sub-geometries. 

Key Words: Smarandache geometry, Smarandache manifold, pseudo-manifold, pseudo- 
manifold geometry, multi-manifold geometry, connection, curvature, Finsler geometry, Rie- 
mann geometry, Weyl geometry and Kahler geometry. 

AMS(2000): 51M15, 53B15, 53B40, 57N16 


§1. Introduction 


Various geometries are encountered in update mathematics, such as those of Euclid geometry, 
Lobachevshy- Bolyai geometry, Riemann geometry, Weyl geometry, Kahler geometry and Finsler 
geometry, ..., etc.. As a branch of geometry, each of them has been a kind of spacetimes in 
physics once and contributes successively to increase human’s cognitive ability on the natural 
world. Motivated by a combinatorial notion for sciences: combining different fields into a 
unifying field, Smarandache introduced neutrosophy and neutrosophic logic in references [14] — 
[15] and Smarandache geometries in [16]. 


Definition 1.1([8][16]) An axiom is said to be Smarandachely denied if the axiom behaves in 
at least two different ways within the same space, i.e., validated and invalided, or only invalided 
but in multiple distinct ways. 


A Smarandache geometry is a geometry which has at least one Smarandachely denied 
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axiom(1969 ). 


Definition 1.2 For an integer n,n > 2, a Smarandache n-manifold is an-manifold that support 


a Smarandache geometry. 


Smarandache geometries were applied to construct many world from conservation laws as 
a mathematical tool([2]). For Smarandache n-manifolds, Iseri constructed Smarandache mani- 
folds for n — 2 by equilateral triangular disks on a plane in [6] and [7] (see also [11] in details). 
For generalizing Iseri’s Smarandache manifolds, map geometries were introduced in [9] — [10] 
and [12], particularly in [12] convinced us that these map geometries are really Smarandache 2- 
manifolds. Kuciuk and Antholy gave a popular and easily understanding example on an Euclid 
plane in [8]. Notice that in [13], these multi-metric space were defined, which can be also seen 
as Smarandache geometries. However, few observations for cases of n > 3 and their relations 
with existent manifolds in differential geometry are found on the journals. The main purpose 
of this paper is to give general ways for constructing dimensional n pseudo-manifolds for any 
integer n > 2. Differential structure, connection and principal fiber bundles are also introduced 
on these manifolds. Following these constructions, nearly all existent geometries, such as those 
of Euclid geometry, Lobachevshy-Bolyai geometry, Riemann geometry, Weyl geometry, Kahler 
geometry and Finsler geometry, ...,etc., are their sub-geometries. 

Terminology and notations are standard used in this paper. Other terminology and nota- 
tions not defined here can be found in these references [1], [3] — [5]. 

For any integer n, n > 1, an n-manifold is a Hausdorff space M”, i.e., a space that satisfies 
the To separation axiom, such that for Vp € M”, there is an open neighborhood Up, p € Up C 
M” and a homeomorphism o; : Up > R” or C”, respectively. 

Considering the differentiability of the homeomorphism o : U — R” enables us to get the 
conception of differential manifolds, introduced in the following. 

An differential n- manifold (M”, A) is an n-manifold M”, M" = |J U;, endowed with a C" 
differential structure A = {(Ua,~a)|a € I} on M" for an integer m following conditions 
hold. 

(1) (U5;a € I} is an open covering of M”; 

(2) For Vo,8 € I, atlases (Us, pa) and (Ug, yg) are equivalent, i.e., U4(|Ug = 0 or 
Us (|Ug #9 but the overlap maps 


Qa ] eg(Us ius) — qg(Ug) and pepa : ga Uanus) — Yo(Ua) 


are C"; 

(3) A is maximal, i.e., if (U,y) is an atlas of M" equivalent with one atlas in A, then 
(U, v) € A. 

An n-manifold is smooth if it is endowed with a C^? differential structure. It is well-known 


that a complex manifold M? is equal to a smooth real manifold M?” with a natural base 


o ð 
(sgl isisn} 


for T, M?', where T,M? denotes the tangent vector space of M?' at each point p € MX. 
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§2. Pseudo-Manifolds 


These Smarandache manifolds are non-homogenous spaces, i.e., there are singular or inflection 
points in these spaces and hence can be used to characterize warped spaces in physics. A 
generalization of ideas in map geometries can be applied for constructing dimensional n pseudo- 


manifolds. 


Construction 2.1 Let M" be an n-manifold with an atlas A = { (Up, Yp)|p € M"). For Yp € 
M” with a local coordinates (z1,x2,:-- ,&n), define a spatially directional mapping w : p —^ R^ 


action on pp by 


U:p-— pp (p) = w(pp(p)) = (w1, wa, E Wn), 


i.e., if a line L passes through y(p) with direction angles 01,05, -- ,0,, with axes e1,e5,::: , ea 
in R^, then its direction becomes 
Ü1 Un 


Ü 
Fie Oa +a la On 


after passing through pp(p), where for any integer 1 < i € n, wj = V;(mod4r), 9; > 0 and 


mw, tf O< uj; < 27, 
Oi = 
0, if 2m <u; «4m. 


A manifold M" endowed with such a spatially directional mapping w : M" — R” is called an 
n-dimensional pseudo-manifold, denoted by (M", A”). 


Theorem 2.1 For a point p € M" with local chart (Up, Pp), YS = Pp if and only if w(p) = 
(2rk1, 2rk2,:-- , 2k) with ki = 1(mod2) for 1 € i € n. 


Proof By definition, for any point p € M”, if p$ (p) = Yp(p), then w(Yp(p)) = Yp(p). 
According to Construction 2.1, this can only happens while w(p) = (2zki,2-ko,--- , 21k.) 
with k; = 1(mod2) for 1 € i € n. 














Definition 2.1 A spatially directional mapping w : M" — R” is euclidean if for any point p € 
M” with a local coordinates (1,22,::* , Un), w(p) = (2mki, 2tko,--- ,2nk,) with ki = 1(mod2) 


for 1 X i € n, otherwise, non-euclidean. 


Definition 2.2 Let w : M" — R” be a spatially directional mapping and p € (M",.A"), 
w(p)(mod4r) = (w1,w2,:** ,Wn). Call a point p elliptic, euclidean or hyperbolic in direction ei, 
1<i<nifo< wi < 20, w= 20 or 2r «€ wi < 4m. 


Then we get a consequence by Theorem 2.1. 


Corollary 2.1 Let (M",A”) be a pseudo-manifold. Then Q5 = Pp if and only if every point 


in M” is euclidean. 
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Theorem 2.2 Let (M”, A”) be an n-dimensional pseudo-manifold and p € M". If there are 
euclidean and non-euclidean points simultaneously or two elliptic or hyperbolic points in a same 


direction in (Up, qp), then (M”, A”) is a Smarandache n-manifold. 


Proof On the first, we introduce a conception for locally parallel lines in an n-manifold. 
Two lines C4, C» are said locally parallel in a neighborhood (Up, yp) of a point p € M" if yp(C1) 
and Yyp(C2) are parallel straight lines in R”. 

In (M", A”), the axiom that there are lines pass through a point locally parallel a given 
line is Smarandachely denied since it behaves in at least two different ways, i.e., one parallel, 
none parallel, or one parallel, infinite parallels, or none parallel, infinite parallels. 

If there are euclidean and non-euclidean points in (Up, Yp) simultaneously, not loss of 
generality, we assume that u is euclidean but v non-euclidean, w(v)(mod4r) = (w1, w2,--+ , Wn) 
and w4 # 27. Now let L be a straight line parallel the axis e; in R”. There is only one line 
Cy, locally parallel to 5 !(L) passing through the point u since there is only one line y,(C,) 
parallel to L in R” by these axioms for Euclid spaces. However, if 0 < wi < 27, then there 
are infinite many lines passing through u locally parallel to yp ! (L) in (Up, Yp) since there are 
infinite many straight lines parallel L in R”, such as those shown in Fig.2.1(a) in where each 
straight line passing through the point U = pp(u) from the shade field is parallel to L. 


Lá = Z L2 
u 

L ——— s L 

(a) (b) 


Fig.2.1 


zl 


But if 27 < wi < 4n, then there are no lines locally parallel to 7 ! (D) in (Up, Yp) since there 
are no straight lines passing through the point v = y,(v) parallel to L in R”, such as those 
shown in Fig.2.1(b). 


Fig.2.2 


zs 
If there are two elliptic points u,v along a direction O, consider the plane P determined 


Pseudo-Manifold Geometries with Applications 49 


by w(u),w(v) with O in R”. Let L bea straight line intersecting with the line uv in P. Then 
there are infinite lines passing through u locally parallel to o, (L) but none line passing through 
v locally parallel to y% '(L) in (Up, pp) since there are infinite many lines or none lines passing 
through Ñ = w(u) or v = w(v) parallel to L in R”, such as those shown in Fig.2.2. 

Similarly, we can also get the conclusion for the case of hyperbolic points. Since there exists 
a Smarandachely denied axiom in (M^, A”), it is a Smarandache manifold. This completes the 











proof. 





For an Euclid space R”, the homeomorphism 9, is trivial for Vp € R”. In this case, we 
abbreviate (R”, A”) to (R”, w). 


Corollary 2.2 For any integer n > 2, if there are euclidean and non-euclidean points simulta- 
neously or two elliptic or hyperbolic points in a same direction in (R”,w), then (R”,w) is an 


n-dimensional Smarandache geometry. 


Particularly, Corollary 2.2 partially answers an open problem in [12] for establishing 
Smarandache geometries in R?. 


Corollary 2.3 If there are points p,q € R? such that w(p)(mod4r) A (27, 27, 27) but w(q)(mod4r) = 
(21k, 2k, 2n ka), where k; = 1(mod2),1 € i € 3 or p,q are simultaneously elliptic or hyper- 


bolic in a same direction of R?, then (R3,w) is a Smarandache space geometry. 


Definition 2.3 For any integer r > 1, a C" differential Smarandache n-manifold (M”, A”) is 
a Smarandache n-manifold (M”, A”) endowed with a differential structure A and a C" spatially 
directional mapping w. A C® Smarandache n-manifold (M",A”) is also said to be a smooth 


Smarandache n-manifold. 


According to Theorem 2.2, we get the next result by definitions. 


Theorem 2.3 Let (M",.A) be a manifold and w : M" — R” a spatially directional mapping 
action on A. Then (M”, A”) is a C" differential Smarandache n-manifold for an integer r > 1 
if the following conditions hold: 

(1) there is a C" differential structure A = { (Ua, Palla € I) on M"; 

(2) w is C"; 

(3) there are euclidean and non-euclidean points simultaneously or two elliptic or hyperbolic 


points in a same direction in (Up, pp) for a point p € M”. 


Proof The condition (1) implies that (M”, A) is a C” differential n-manifold and conditions 
(2), (3) ensure (M”, A”) is a differential Smarandache manifold by definitions and Theorem 
2:2; 














For a smooth differential Smarandache n-manifold (M”, A”), a function f : M" — R is 
said smooth if for Vp € M” with an chart (Up, yp), 


fo(02) ! :(eg)(U5) > R” 


is smooth. Denote by Sp all these C% functions at a point p € M". 
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Definition 2.4 Let (M”, A”) be a smooth differential Smarandache n-manifold and p € M". 
A tangent vector v at p is a mapping v : Sp — R with these following conditions hold. 


(1) Vg, h € Sp, VA € R, v(h + Ah) = v(g) + Av(h); 
(2) Vg, h € Sy, v(gh) = v(g)h(p) + g(p)v(h). 


Denote all tangent vectors at a point p € (M”, A”) by T, M" and define addition+and 
scalar multiplication-for Vu, v € T, M", A € R and f € S, by 
(u +f) 2 u(f) c v(f), Qu) =A-u(f). 


Then it can be shown immediately that 7,, M" is a vector space under these two operations--and-. 

Let p € (M”, A”) and y : (—£,£) —^ R” be a smooth curve in R” with 7(0) = p. In 
(M^,.A"), there are four possible cases for tangent lines on y at the point p, such as those 
shown in Fig.2.3, in where these bold lines represent tangent lines. 


LL 


4 ME T 4 
(a) (b) 


(c) (d) 
Fig.2.3 


By these positions of tangent lines at a point p on y, we conclude that there is one tangent 
line at a point p on a smooth curve if and only if p is euclidean in (M", A”). This result enables 
us to get the dimensional number of a tangent vector space T; M" at a point p € (M”, A”). 
Theorem 2.4 For any point p € (M", A”) with a local chart (Up, p), Pp(p) = (xi29,--- , 29), 
if there are just s euclidean directions along e;,,e;,,::- , ei, for a point , then the dimension of 


T, M". is 


dimT;,M" = 2n—s 


with a basis 
o i ð Ut . 
Gb lis is S Ut gale lI St Sn andl 4 ij,1 <j < 5}. 
Proof We only need to prove that 


a ð- at l 
(xblisissUtz gue list snandi¢ij1<i<s} (2.1) 


is a basis of T,M”. For Vf € Sp, since f is smooth, we know that 
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n 9c f 
= — q? 
Z o 0* f o f 
0 
+ P» — x; (£; — x; o) js On; + Ri deck 
for Vr = (z1,22,::: , 24) € Yp(Up) by the Taylor formula in R^, where each term in Rij,- ,k 





contains (x; — z2)(z; — 25): (£k — 35), ei € (4 —) for 1 < l < n but l Æ i; for 1 € j € s and 
e; Should be deleted for | = ij, 1 € j X s. 
Now let v € T, M". By Definition 2.4(1), we get that 


vé) = oF) ev - Lg) 





n oti Of 
& oD) aay — 2 FAS) esa). 


ig=l 


Application of the condition (2) in Definition 2.4 shows that 


))=0, Yon 4) ) exti. 











TOD (xi — a?) (x; - 09 MF =0 


ij=l ? Ox; Ox; 
and 
v(Ri,;. k) =0 
Whence, we get that 
B TL oti f " TL "i 
(2) = 3 ist) = Do waa) (I). (22) 


The formula (2.2) shows that any tangent vector v in T,M” can be spanned by elements 
n (2.1). 





All elements in (2.1) are linearly independent. Otherwise, if there are numbers at, a?,--- , a? 
+ 
QI s0] ,05,05,:: , Anag 0, ., Such that 
S s 
a , óc 
2. 2s oO 
j=l UC i#irytay- ts 1Si<n ! 


where e; € {+,—}, then we get that 


: a < Of 
Qij ii , LE J agg) u) = 0 
j=1 tj a 


iAiy ,i2,-+ is,1<i<n 
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for 1 € j € s and 


€i 


z o o 
aj = ($ a= — + D aş =—)(aj) — 0 
=i Oti; Ox; 


iAi1 ,i2,--- ts, 1<i<n 





for i A t1,%2,-++ ,is,1 <i <n. Therefore, (2.1) is a basis of the tangent vector space T; M" at 
the point p € (M", A”). 
Notice that dim7, M" = n in Theorem 2.4 if and only if all these directions are euclidean 














along ei,e5,::: , e;,. We get a consequence by Theorem 2.4. 


Corollary 2.4([4]-[5]) Let (M",.A) be a smooth manifold and p € M". Then 


dim7;, M" =n 
with a basis 


ð 
Ox? 





{ 


lp | L<i<n}. 
Definition 2.5 For Vp € (M", A”), the dual space T5 M” is called a co-tangent vector space 


at p. 


Definition 2.6 For f € S,,d € T; M" and v € T,M", the action of d on f, called a differential 
operator d : Sp — R, is defined by 


'Then we immediately get the following result. 


Theorem 2.5 For any point p € (M", A”) with a local chart (Up, p), Pp(p) = (xi29,--- , 29), 


? TL 


if there are just s euclidean directions along e;,,e;,,::: , ei, for a point , then the dimension of 
T5 M" is 
dim7; M" = 2n—s 
with a basis 
(das|,|1«j« s dur dul, | 1<L<nandl#ij, 1<j<s}, 


where 


i o i el Qf 4 
di ipo lo) = 0j and d**z ipo lo?) = 0; 


fore; €{+,-},]l<ic<n. 


§3. Pseudo-Manifold Geometries 


Here we introduce Minkowski norms on these pseudo-manifolds (M”, A”). 
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Definition 3.1 A Minkowski norm on a vector space V is a function F : V — R such that 
(1) F is smooth on V\{0} and F(v) > 0 for Vo € V; 
(2) F is 1-homogenous, i.e., F(Av) = AF(v) for VÀ > 0; 
(3) for all y € V\{O}, the symmetric bilinear form gy : V x V —> R with 


9? F(y) 
gy(u, v) = 2 OyiByi 


tJ 





is positive definite for u,v € V. 


Denote by TM” = U TyM”; 
pE(M”, A”) 


Definition 3.2 A pseudo-manifold geometry is a pseudo-manifold (M”, A”) endowed with a 
Minkowski norm F on TM”. 


Then we get the following result. 


Theorem 3.1 There are pseudo-manifold geometries. 


Proof Consider an eucildean 2n-dimensional space R?”. Then there exists a Minkowski 
norm F(Z) = |z| at least. According to Theorem 2.4, T, M” is R^*?("-9 if w(p) has s euclidean 
directions along ei,e5,::: , e;,. Whence there are Minkowski norms on each chart of a point in 
(M^, A”). 

Since (M”, A) has finite cover {(Ua,~a)|a@ € I}, where I is a finite index set, by the 
decomposition theorem for unit, we know that there are smooth functions ha, œ € I such that 


X ha = 1-with 0 < ha «1. 
aci 


Choose a Minkowski norm F* on each chart (Ua, Ya). Define 


h°F*, if peUs, 
0, if pgU, 


Fa= 
for Vp € (M”, q^). Now let 


Bey B 


acl 


Then F is a Minkowski norm on TM” since it satisfies all of these conditions (1) — (3) in 
Definition 3.1. 
Although the dimension of each tangent vector space maybe different, we can also introduce 














principal fiber bundles and connections on pseudo-manifolds. 


Definition 3.3 A principal fiber bundle (PFB) consists of a pseudo-manifold (P, AY), a projec- 
tion m : (P, A?) — (M, Any, a base pseudo-manifold (M, Age» and a Lie group G, denoted 
by (P, M,w*,G) such that (1), (2) and (8) following hold. 
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(1) There is a right freely action of G on (P,.Ag), i.e., forVg € G, there is a diffeomorphism 
Ry: (P, AY) — (PAY) with Ry(p’) = p” g for Vp € (P,.Ag) such that p"(g1go) = (p*gi)go for 
Vp € (P, AZ), Vgi, ga € G and p*e = p” for some p € (P”, AY), e € G if and only if e is the 
identity element of G. 

(2) The map « : (P, A?) (M, ADU is onto with v (n(p)) = (pg|lg € G}, Twi = wor, 
and regular om spatial directions of p, i.e., if the spatial directions of p are (tw1,w2,*** , Wn); 
then wi and m(w;) are both elliptic, or euclidean, or hyperbolic and |n (n(wi))| is a constant 
number independent of p for any integer i, 1 € i € n. 

(3) For Vx € (M, AZ) there is an open set U with x € U and a diffeomorphism Tz? : 
(1)-1(U762) — UT) x G of the form Talp) = (1(p”), s.(p^)), where su : v1 (UT 0) = G 
has the property s.(p*g) = Su(p”)g for Vg € G, p € x *(U). 


We know the following result for principal fiber bundles of pseudo-manifolds. 


Theorem 3.2 Let (P,M,w7,G) be a PFB. Then 


CP, M, w", G) = (B M, T, G) 
if and only if all points in pseudo-manifolds (P, AY) are euclidean. 


Proof For Vp € (P, AF), let (Up, pp) be a chart at p. Notice that w^ = ~ if and only if 
Q5 = Pp for Vp € (P, AF). According to Theorem 2.1, by definition this is equivalent to that 











all points in (P, AY) are euclidean. 





Definition 3.4 Let (P,M,w",G) be a PFB with dimG =r. A subspace family H = (Hy|p € 
(P, At), dimH, = dimTz(5 M} of TP is called a connection if conditions (1) and (2) following 
hold. 

(1) For Vp € (P, AY), there is a decomposition 


T,P— Hp CD V; 


and the restriction v.|m, : Hp > Trp) M is a linear isomorphism. 


(2) H is invariant under the right action of G, i.e., for p € (P, AY), Vg € G, 


(Rg) «p( Hp) = Hyg. 


Similar to Theorem 3.2, the conception of connection introduced in Definition 3.4 is more 
general than the popular connection on principal fiber bundles. 


Theorem 3.3(dimensional formula) Let (P,M,w",G) be a PFB with a connection H. For 
Vp € (P, AY), if the number of euclidean directions of p is X\p(p), then 


ia de NUR I 


Hee dimP 
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Proof Assume these euclidean directions of the point p being e1,e2,:-- , ex, (p). By defi- 
nition 7 is regular, we know that 7(e1),7(e€2),--- ,7(€,p(p)) are also euclidean in (M, AM, 
Now since 

a *(x(e1)) 2m !(n(e3)) =- = 7 (n(exe(»)) = p = constant, 


we get that Ap(p) = wAm, where Ay denotes the correspondent euclidean directions in (M, ATON, 
Similarly, consider all directions of the point p, we also get that dimP = udimM. Thereafter 


o dim M 
^ dimP 
Now by Definition 3.4, T,P = H, @ Vp, i.e., 


AM 





Ap(p). | (3.1) 


dimT,P = dimH, + dimV,. (3.2) 
Since T.|g, : Hp > Ty(p)M is a linear isomorphism, we know that dimH, = dimT;(j M. 
According to Theorem 2.4, we have formulae 
dimT,P = 2dimP — Ap(p) 
and 


dimM 


dinT, (M = 2dimM — Ay = 2dimM — ~P 


Ap(p). 


Now replacing all these formulae into (3.2), we get that 


dimM 


2dimP — — 2dim M — 
im Ap(p) im dimP 





Ap(p) + dimV,. 


'That is, 


(dimP — dimM)(2dimP — Ap(p)) 
dimP 














dimV, — 
We immediately get the following consequence by Theorem 3.3. 
Corollary 3.1 Let (P,M,w",G) be a PF B with a connection H. Then for Vp € (P, AY), 
dimV, — dimP — dimM 
if and only if the point p is euclidean. 


Now we consider conclusions included in Smarandache geometries, particularly in pseudo- 


manifold geometries. 


Theorem 3.4 A pseudo-manifold geometry (M",p”) with a Minkowski norm on T M" is a 
Finsler geometry if and only if all points of (M”, p°) are euclidean. 
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Proof According to Theorem 2.1, o5 = yp for Vp € (M™, y”) if and only if p is eucildean. 
Whence, by definition (M^, y”) is a Finsler geometry if and only if all points of (M", ^) are 











euclidean. 





Corollary 3.1 There are inclusions among Smarandache geometries, Finsler geometry, Rie- 


mann geometry and Weyl geometry following 


{Smarandache geometries} D {pseudo — manifold geometries} 
> {Finsler geometry} D {Riemann geometry} 
D {Weyl geometry}. 


Proof The first and second inclusions are implied in Theorems 2.1 and 3.3. Other inclusions 








are known in a textbook, such as [4] — [5]. 








Now we consider complex manifolds. Let z’ = zt + /—1y!. In fact, any complex manifold 
M? is equal to a smooth real manifold M?" with a natural base (s. a} for T,M? at each 
point p € MY. Define a Hermite manifold MY? to be a manifold M? endowed with a Hermite 
inner product h(p) on the tangent space (Tp Mg, J) for Vp € M}, where J is a mapping defined 
by 


o o 


0 Ó 
Jig P) = yl" Igp” 


Tgr 


at each point p € M? for any integer i,1 < i < n. Now let 


h(p) = g(p) + V -1&(p. pe Me. 
Then a Kahler manifold is defined to be a Hermite manifold (M7, h) with a closed & satisfying 


«(X,Y) 2 g(X, JY), VX,Y € T,M?, Vp € M7. 


Similar to Theorem 3.3 for real manifolds, we know the next result. 


Theorem 3.5 A pseudo-manifold geometry (M2, q^) with a Minkowski norm on TM” is a 
Kahler geometry if and only if F is a Hermite inner product on M? with all points of (M" , p”) 


being euclidean. 


Proof Notice that a complex manifold M7 is equal to a real manifold M?". Similar to the 











proof of Theorem 3.3, we get the claim. 





As a immediately consequence, we get the following inclusions in Smarandache geometries. 
Corollary 3.2 There are inclusions among Smarandache geometries, pseudo-manifold geometry 


and Kahler geometry following 


{Smarandache geometries} D {pseudo — manifold geometries} 


> {Kahler geometry}. 
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§4. Further Discussions 


Undoubtedly, there are many and many open problems and research trends in pseudo-manifold 
geometries. Further research these new trends and solving these open problems will enrich one’s 
knowledge in sciences. 

Firstly, we need to get these counterpart in pseudo-manifold geometries for some important 


results in Finsler geometry or Riemann geometry. 


4.1. Stokes Theorem Let (M”, A) be a smoothly oriented manifold with the T5 axiom hold. 
Then for Yw € Ag (M), 


7 dw = UJ. 
Mn aM" 


This is the well-known Stokes formula in Riemann geometry. If we replace (M”, A) by (M", A”), 
what will happens? Answer this question needs to solve problems following. 


(1) Establish an integral theory on pseudo-manifolds. 
(2) Find conditions such that the Stokes formula hold for pseudo-manifolds. 


4.2. Gauss-Bonnet Theorem Let S be an orientable compact surface. Then 


/ [ ido = arly, 


where K and x(S) are the Gauss curvature and Euler characteristic of S This formula is 
the well-known Gauss-Bonnet formula in differential geometry on surfaces. Then what is its 


counterpart in pseudo-manifold geometries? This need us to solve problems following. 


(1) Find a suitable definition for curvatures in pseudo-manifold geometries. 
(2) Find generalizations of the Gauss-Bonnect formula for pseudo-manifold geometries, 


particularly, for pseudo-surfaces. 


For a oriently compact Riemann manifold (M??, g), let 





— (—1)? oho sap 9, . ^ AQ; f 
= 22p7P | 1, ,2p 1112 UÜ t2p—1t2p? 
dayia, ,t2p 


where Q;j is the curvature form under the natural chart {e;} of M?? and 


1, if permutation 71 ---igp is even, 
yt jt2 : ; : a. i 
ôi.. 2p = 4 —1, if permutation i; --- ig, is odd, 
0, otherwise. 


Chern proved that!4)—[5) 


/ Q = x(M?P). 
M?» 


Certainly, these new kind of global formulae for pseudo-manifold geometries are valuable to 
find. 
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4.3. Gauge Fields Physicists have established a gauge theory on principal fiber bundles 
of Riemannian manifolds, which can be used to unite gauge fields with gravitation. Similar 
consideration for pseudo-manifold geometries will induce new gauge theory, which enables us 
to asking problems following. 

Establish a gauge theory on those of pseudo-manifold geometries with some additional con- 
ditions. 

(1) Find these conditions such that we can establish a gauge theory on a pseudo-manifold 
geometry. 

(2) Find the Yang-Mills equation in a gauge theory on a pseudo-manifold geometry. 

(2) Unify these gauge fields and gravitation. 
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Abstract: In this paper, we study the minimum cycle base of the planar graphs obtained 
from two 2-connected planar graphs by identifying an edge (or a cycle) of one graph with the 
corresponding edge (or cycle) of another, related with map geometries, i.e., Smarandache 
2-dimensional manifolds. Also, we give a formula for calculating the length of minimum 


cycle base of a planar graph N(d, A) defined in paper [11]. 
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§1. Introduction 


Throughout this paper we consider simple and undirected graphs. The cardinality of a set A 
is |A|. Let's begin with some terminologies and some facts about cycle bases of graphs. Let 
G(V, E) be a 2-connected graph with vertex set V and edge set E. The set € of all subsets of E 
forms an |E|-dimensional vector space over GF(2) with vector addition XoY = (XUY)\(XNY) 
and scalar multiplication 1 e X = X,0e X = () for all X,Y € E. A cycle is a connected graph 
whose any vertex degree is 2. The set C of all cycles of G forms a subspace of (£, ®, e) which is 
called the cycle space of G. The dimension of the cycle space C is the Betti number of G, say 
B(G), which is equal to | E(G)| — |V(G)| +1. A base B of the cycle space of G is called a cycle 
base of G. 

The length |C| of a cycle C is the number of its edges. The length /(B) of a cycle base B 
is the sum of lengths of all its cycles. A minimum cycle base (or MCB in short) is a cycle base 
with minimal length. A graph may has many minimum cycle bases, but every two minimum 
cycle bases have the same length. 

Let G be a 2-connected planar graph embedded in the plane. G has |E(G)| — |V(G)| + 2 
faces by Euler formula. There is exactly one face of G being unbounded which is called the 
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exterior of G. All faces but the exterior of G are called interior faces of G. Each interior face 
of G has a cycle as its boundary which is called an interior facial cycle. Also, the cycle of G 
being incident with the exterior of G is called the exterior facial cycle. 


We know that if G is a 2-connected planar graph embedded in the plane, then any set of 
|E(G)| — |V(G)| + 1 facial cycles forms a cycle base of G. For a 2-connected planar graph, we 
ask whether there is a minimum cycle base such that each cycle is a facial cycle. The answer 
isn't confirmed. The counterexample is easy to be constructed by Lemma 1.1. Need to say 
that Lemma 1.1 is a special case of Theorem A in the reference [10] which is deduced by Hall 
Theorem. 


Lemma 1.1 Let B be a cycle base of a 2-connected graph G. Then B is a minimum cycle 
base of G if and only if for any cycle C of G and cycle B in B, if B € Int(C), then |C| > |B], 
where Int (C) denotes the set of cycles in B which generate C. 


For some special 2-connected planar graph, there exist a minimum cycle base such that 
each cycle is a facial cycle. For example, Halin graph and outerplanar graph are such graphs. 
A Halin graph H (T) consists of a tree T embedded in the plane without subdivision of an edge 
together with the additional edges joining the 1-valent vertices consecutively in their order in 
the planar embedding. It is clear that a Halin graphs is a 3-connected planar graph. The 


exterior facial cycle is called leaf-cycle. 


Lemma 1.2[9,12] Let H(T) be a Halin graph embedded in the plane such that the leaf-cycle 
is the exterior facial cycle. Let F denote the set of interior facial cycles of H(T). Then F isa 


minimum cycle base of H (T). 


A planar graph G is outerplanar if it can be embedded in the plane such that all vertices 


lie on the exterior facial cycle C. 


Lemma 1.3[6,9] Let G(V, E) be a 2-connected outerplanar graph embedded in the plane with 
C as its exterior facial cycle. Let F be the set of interior facial cycles. Then F is the minimum 
cycle base of G, and (F) = 2|E| — |V]. 


Apart from the above mentioned minimum cycle bases of a Halin graph and an outerplanar 
graph, many peoples researched minimum cycle bases of graphs. H. Ren et al. [9] not only gave 
a sufficient and necessary condition for minimum cycle base of a 2-connected planar graph, but 
also studied minimum cycle bases of graphs embedded in non-spherical surfaces and presented 
formulae for length of minimum cycle bases of some graphs such as the generalized Petersen 
graphs, the circulant graphs, etc. W.Imrich et al. [4] studied the minimum cycle bases for 
the cartesian and strong product of two graphs. P.Vismara [13] discussed the union of all the 
minimum cycle bases of a graph. What about the minimum cycle base of the graph obtained 
from two 2-connected planar graphs by identifying some corresponding edges? This problem 
is related with map geometries, i.e., Smarandache 2-dimensional manifolds (see [8] for details). 
We will consider it in this paper. 
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92. MCB of graphs obtained by identifying an edge of planar graphs 


Let G4 and G3 be two graphs and P; be a path (or a cycle) in G; for i = 1,2. Suppose the 
length of P, is same as that of P5. By identifying P, with P5, we mean that the vertices of Pi 
are identified with the corresponding vertices of P; and the multiedges are deleted. 


Theorem 2.1 Let G4 and Gz be two 2-connected planar graphs embedded in the plane. Let 
e; be an edge in E(G;) such that e; is in the exterior facial cycle of G; for i — 1,2. Let G be 
the graph obtained from G4 and Ga by identifying e4 and e2 such that Ga is in the exterior of 
G4. If the set of interior facial cycles of Gi, say Fi, is a minimum cycle base of G; for i = 1,2, 


then Fi U Fa is a minimum cycle base of G. 


Proof Obviously, the graph G is a 2-connected planar graph and each cycle of Fy U Fy is 
a facial cycle of G. Since |E(G)| = |E(G1)| - |E(G2)| ^ 1 and |V(G)| = |V(Gi)|+|V(G2)| -2, G 
has |E(G)] -|V(G)]-2 = (IE(G1)|- |V (Gi) 1+ 1) + (LE(Ga)] - V(G2)] 41) +1 = Ai e L2] 1 
faces. So |F| = |Fi| + |J3| = |E(G)| — |V(G)| + 1, and F is a cycle base of G. 


Now we prove that F is a minimum cycle base of G. Suppose F is a cycle of G and 
F = fi fo®---@® fg, where fj € F for j = 1,2,---,q. By Lemma 1.1, We need to prove 
|F| > |fj| for j = 1,2,---,¢. 


If E(F) C E(G1) (or E(G3)), then f; is in Fı (or F2) for j = 1,2,--- ,q. By the fact that 
F; is a minimum cycle base of G; for i = 1,2 and Lemma 1.1, |F| > |f;| for j = 1,2,--- ,q. 


Let e be the edge of G obtained by e, identified with e2. Suppose e = {uv}. If edges of 
F aren't in G4 entirely, then F must pass through u and v. So eU F can be partitioned into 
two cycles, say Fy and F5. Suppose E(F;) C E(G;) for i = 1,2. Then |F| > |F;| for i = 1,2. 
Suppose Fı = fi ® fo®---@ fy and Fy = fp41 9 fp+2 ® ^ ® fg. By the fact that F; is a 
minimum cycle base of G; for i = 1,2 and Lemma 1.1, |F| > |Fi| > |fi| for i = 1,2,--- , p and 
|F| > |F3| 2 |fi| for i =pt+1,p+2,---,¢. 











'Thus we complete the proof. 





Applying Theorem 2.1 and the induction principle, it is easy to prove the following con- 
clusion. 


Corollary 2.1 Let G1,G5,::: , Gy be k(k > 3) 2-connected planar graphs embedded in the 
plane. Let e; be an edge in E(G;) such that e; is in the exterior facial cycle of G; for i = 
1,2,---,k. Let G} be the graph obtained from G4 and Go by identifying eq with eg such that 
Gə is in the exterior of G1, Let G5 be the graph obtained from G', and G3 by identifying ea with 
some edge in the exterior face of G} such that Ga is in the exterior of Gi, and so on. Let G be 
the last obtained graph in the above process. If the set of interior facial cycles of Gi, say Fi, is 


a minimum, cycle base of Gi for i= 1,2,--- , k, then UE F; is a minimum cycle base of G. 
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Fig.2.1 


Remark: In Theorem 2.1, if e; is replaced by a path with length at least two and e2 by the 
corresponding path, then the conclusion of the theorem doesn’t hold. We consider the graph 
H shown in Fig.2.1, where H is obtained from Hı and Hə by identified P, = u,ugu3u4 with 
P = vivsvav4. For the graph H, let C = 122434421 and D = x yx4x1. Since |C| > |D|, the 
set of interior facial cycle of H isn’t its minimum cycle base by Lemma 1.1. 

Furthermore, if e; is replaced by a cycle and e2 by the corresponding cycle in Theorem 
2.1, then the conclusion of Theorem isn’t true. The counterexample is easy to construct, which 
is left to readers. But if Gi is a special planar graph, similar results to Theorem 2.1 will be 
shown in the next section. 


83. MCB of graphs obtained by identifying a cycle of planar graphs 


An r x s cylinder is the graph with r radial lines and s cycles, where r > 0,5 » 0. A4x3 
cylinder is shown in Fig.3.1. The innermost cycle is called the central cycle. r x s cylinder take 
an important role in discussion of the minor of planar graph with sufficiently large tree-width 
in paper[10]. 


Fig.3.1 


Theorem 3.1 Let G4 be an r x s(r > 4) cylinder embedded in the plane such that © is its 
central cycle. Let Gg be a planar graph embedded in the plane such that the exterior facial 
cycle D has the same vertices as that of C. Let G be the graph obtained from G4 and Ga by 
identifying C and D such that G2 is in the interior of G4. If the set of interior facial cycles of 
Go, say F2, is its a minimum cycle base, then the set of interior facial cycles of G, say F, is 


a minimum cycle base of G. 


Minimum Cycle Base of Graphs Identified by Two Planar Graphs 63 


Proof At first, F is a cycle base of G. We need prove F is minimal. 

Let Fı = F\F2. Obviously, each element of Fı has length 4. Suppose F is a cycle of 
Gand F = fi 6 fa 9G D fg, where f; € F for j = 1,2,:--,q. If we prove |F| > |f;| for 
j =1,2,---,q, then F is a minimum cycle base of G by Lemma 1.1. 

Let R be the open region bounded by F, and R’ be the open region bounded by C (or D) 
of Gı (or G3). We consider the following four cases. 





Casel R'nRc-f(. 


Then F is a cycle of G4 and F is generated by F; . Since the girth of G4 is 4, |F| > |f;| = 4 
for 7 = 1,2,---,¢. 
Case 2 R'c R. 


Then |F| > |C] > 4, because the number of radial lines which F crosses can’t be less than 
the number of vertices of C. For a fixed fj, if it is in the interior of C then |f;| < |C] < |F| 
by Lemma 1.1, because F2 is a minimum cycle base of Gz. If f; is in the exterior of C, then 
|j] = 4. So |fi| < |F] for j =1,2,--- ,q. 


Case3 RC R. 
Then F is a cycle of G2. By Lemma 1.1, |F| > |fj| for j = 1,2,---,¢. 
Case 4 R'A Rand R is not in the interior of R. 


Then F must has at least one edge in E(G2)\E(C) and at least three edges in E(G1). So 
|F| > 4. No loss of generality, suppose fi, fo,--- , fp are cycles of (fi, fo,--- , fq} that are in 
the exterior of C. Since |f;| = 4, |F| > |f;| for j = 1,2,--- , p. 

Next we prove |F| > |f;| for j =p+1,p+2,--- ,q, where f; is in the interior of C. 





Let R” = R\ (R'A R). R” may be the union of several regions. Let R” = Ry UR2U---UR;, 
satisfying the condition that R; N is empty or a point for i # j,1 < i,j X l. Let B; be the 
boundary of R; for i = 1,2,--- ,l. Then Bj is a cycle in the exterior of C. For a fixed B;, there 
may be many vertices of B; in V(F) A V(C), which can be found in Fig.3.2. We select two 


vertices u; and v; of B; satisfying the following conditions: 
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(1) uj; and v; are in C; 

(2) there is a path of B;, say P;, such that its endvertices are u; and v; and P; is in the 
exterior of C; 

(3) if Mj is the path of B; deleted E(P;), and if M; is the path of C such that its 
endvertices are u; and v; and M; is internally disjoint from B;, then M; is in the interior of the 
cycle which is the union of M; and P;. 

Note that M; may contains many disjoint paths of C, suppose they are Qi, Qb,- , Qj. 
Let x,y be two vertices in P;, which are adjacent to u;, vj respectively. 

Obviously, x,y are in G1. Let P; be the subpath of P; between x and y. Considering the 
number of radial lines (including radial line x,y lie on) which P’ crosses is not less than the 
number of vertices of U5 QŻ, |P;| > |P/| > xu (Q5. 

Since R' à R may be the union of some regions, we suppose R' N R = Di U D3U--- U De. 
Let A1, A2,--- , A, be boundaries of D1, D2,--- , D, respectively. For a fixed A;, its edges may 
F 


4 


be partitioned into two groups, one containing edges of F, denoted as A 
edges of C, denoted as AC. Then 


another containing 


2, Al DA + >, F] 
S l t : 
T" il T o A E 
YA US 


< Y, IM, unl 


< |F] 





Hence |F| > |A;| for i = 1,2,---,s. Since any A; is a cycle of Gg and Fı is a minimum 
cycle base of G2, |A;| > |f;| for j = i1,i2,::- , i4, by lemma 2.1, where {%1,%2,--- jin} C 
{p+1,p+2,---,q}. Hence, |F| > |fp4;| for i = 1,2,---,q— p. 

By the previous discussion and Lemma 1.1, F is a minimum cycle base of G. 














Since the minimum cycle base of a cycle is itself, a minimum cycle base of an r x s(r > 4) 
cylinder embedded in the plane is the set of its interior facial cycles by Theorem 3.1, and the 
length of its MCB is r + 4r(s — 1) = r(4s — 3). 

By Lemmas 1.2, 1.3 and Theorem 3.1. we get two corollaries following. 


Corollary 3.1 Assume an r x s(r > 4) cylinder, a Halin graph H(T) are embedded in the 
plane with C the central cycle and C" the leaf-cycle of H(T) containing the same vertices as C, 
respectively. Let G be the graph obtained from the r x s cylinder and H(T) by identifying C 
and C" such that H(T) is in the interior of the r x s cylinder. Then a minimum cycle base of 


G is the set of interior facial cycles of G. 


Corollary 3.2 Assume an rx s(r > 4) cylinder, a 2-connected outplanar graph H be embedded 
in the plane with C the central cycle and C" the exterior facial cycle containing same vertices 
as C of H containing the same vertices as C, respectively. Let G be the graph obtained from the 
rxs cylinder and H by identifying C and C” such that H is in the interior of the r x s cylinder. 
Then a minimum cycle base of G is the set of interior facial cycles of G. Furthermore, the 
length of a MCB of G is r(4s — 5) + 2|E(H)| . 
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Proof Let F be the set of interior facial cycles of G. By Theorem 3.1, F is a minimum 
cycle base of G. F can be partitioned into two groups Fı and F2, where Fı is the set of 
interior facial cycles of H and Fə the set of 4-cycles. Then the length of a MCB of G is 
UF) — (1) I3) = 4r(s - 1) + 27]E(H)| — |V(H)| = (4s — 5)r + 2|E(H)]. 

As application of Corollary 3.1, we find a formula for the length of minimum cycle base of 
a planar graph N (d, A), which can be found in paper[10]. 

When A > 1 is an integer, the graph Y, is tree as shown in Fig.3.3. Thus Y, has 3 x 247! 
1-valent vertices and Y, has 3 x 2^ — 2 vertices. If 1-valent vertices of Y, are connected in their 
order in the planar embedding, we obtain a special Halin graph, denoted by H(A). 

Suppose a (3 x 2^-1) x d cylinder is embedded in the plane such that its central cycle C 
has 3 x 24—! vertices. The graph obtained from (3 x 2^-1) x d cylinder and H(A) with leaf-cycle 
C' containing 3 x 2^-! vertices by identifying C and C' such that H(A) is in the interior of 
(3 x 2^-1) x d cylinder is denoted as N(d, A). N. Roberterson and P.D. Seymour[10] proved 
that for all d > 1, A > 1 the graph N(d, A) has tree-width < 3d + 1. 














Fig.3.3 


Theorem 3.2 The length of minimum cycle base of N(d, X) (AÀ > 2) is 3(d — 1) x 244449 x 
2^ 3x 2?-1— 6, 


Proof Let F be the set of interior facial cycles of N (d, A). Then F is a minimum cycle 
base of N (d, A) by Corollary 3.1. 

Let Fı be a subset of F which is the set of interior facial cycles of N(1, A) (a Halin graph). 
Then Zi consists of 3 (2\+1)-cycles and 3x 2? (24—2j — 1)-cycles for j = 0,1,2,--- ,A—2. 

Let Fz = F \ i. Then each cycle of F> has length 4. Since the leaf-cycle of N(1, A) has 
3 x 2^-1 vertices, there are 3(d — 1) x 2^7!  4-cycles in Fy all together. The length of F is 


A—2 ; 
(F) = D x 2/711(24 — 2j — 1) --3(2A + 1) +4 x 3(d — 1) x 2^7! 


A-2 SA2., A-2 0. 
= PE ADU 25 ^12 - 2:2 97] + (6A +3) - 3(d. — 1) x 2t 


= 38[02^-23)-2(0-3)2)-!—4 —2?— 4-1] 
+ (64+3)+3(d—1) x 2*! 
= 83(d—-1)x2!.-9x2^-3x2^1!-6 

















Hence, the length of minimum cycle base of N (d, A) is 3(d—1) x 2*1 4-9x2^ 3x 2^-1— 6. 
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edge labeled graphs, counterparts of these conception and results are also established on 


graphs in this paper. 
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81. Introduction 


As a localized Euclidean space, an n-manifold M" is a Hausdorff space M”, i.e., a space 
that satisfies the 75 separation axiom such that for Vp € M”, there is an open neighborhood 
U,,p € Uy C M" and a homeomorphism yp : Up > R”. These manifolds, particularly, differ- 
ential manifolds are very important to modern geometries and mechanics. As an immediately 
application of Smarandache multi-spaces ([8]), also the application of the combinatorial spec- 
ulation for classical mathematics, i.e. mathematics can be reconstructed from or turned into 
combinatorialization([3]), combinatorial manifolds were introduced in [4], which are the gen- 
eralization of classical manifolds and can be also endowed with a topological or differential 


structure as geometrical objects. 


Now for an integer s > 1, let ni,n5,::: , n, be an integer sequence with 0 < ny < n3 < 
S 

-++ < ns. Choose s open unit balls Bj", B7?,--- , B?*, where () BP’ Z 0 in R'1*72*7n5, A 
i=1 


unit open combinatorial ball of degree s is a union 


S 
B(ni,n3,:-: ,n,) = ja 
i=1 


1Received June 5, 2007. Accepted August 15, 2007 


68 Linfan Mao 


Then a combinatorial manifold M is defined in the next. 


Definition 1.1 For a given integer sequence ni,n2,::: , Nm; M 2 1 with O < mj «ma <- < 
Nm, a combinatorial manifold M isa Hausdorff space such that for any point p € M, there is 
a local chart (Up, Pp) of p, i.e., an open neighborhood Up of p in M and a homoeomorphism 
Pp : Up > B(m(p),na(p),:- nay (p)) with {n1 (p); n2(p),-++ i nay(p)) € (mina, na] 


and |J (mi(p),n2(p),--- ,nsqy(p)) = (mi nz, ; Nm}, denoted by M (ni , no, Do Nm) or M 
peM 
on the context and 


A= {(Up, Pp) |P € M (n, n2, “++ ,Mm))} 


Be s(p) 

an atlas on M(ni,n»,::* na). The maximum value of s(p) and the dimension S(p) of N B; 
i=1 

are called the dimension and the intersectional dimensional of M (n1, n2, ->> , Nm) at the point 


ES 


p, denoted by d(p) and d(p), respectively. 


A combinatorial manifold M is called finite if it is just combined by finite manifolds with- 
out one manifold is contained in the union of others, is called smooth if it is finite endowed 


with a C% differential structure. For a smoothly combinatorial manifold M and a point 


c e s(p) 
p € M, it has been shown in [4] that dimT, M (n1,n5,::: , nm) = S(p) + X (ni — S(p)) and 
i=1 


ae (p) 
dimT > M (n1,n3,:-* , nm) = S(p) + 2, (ni — S(p)) with a basis 


s(p) ni 
ibisi sU U telisissp 


i=1 j=8(p)+1 
Or 


s(p) Ni 
{aH cics U (e) lisisst 


i=1 j=3(p)+1 


for a given integer h,1 < h < s(p). Denoted all k-forms of M (n1, n2,- , nm) by A*(M) and 
— APDE mui- 20 "e 
A(M) — p A*(M), then there is a unique exterior differentiation d : A(M) > 
k=0 
A(M) such that for any integer k > 1, d(A*) C A**++(M) with conditions following hold similar 


to the classical tensor analysis(|1]). 


(i) d is linear, i.e., for V, € A(M), AER, 


dlo + Mb) = dp Aw + Ady 
and for o € AF(M),v € A(M), 


dlp ^) = dp + (-1)*e ^ dy. 
(ii) For f € A°(M), df is the differentiation of f. 


A Combinatorially Generalized Stokes Theorem on Integrations 69 


(iii) d? — d.d — 0. 
(iv) d is a local operator, i.e., if U C V C M are open sets and a € A*(V), then d(a|y) = 
(do)|u. 


'Therefore, smoothly combinatorial manifolds poss a local structure analogous smoothly 
manifolds. But notes that this local structure maybe different for neighborhoods of different 
points. Whence, geometries on combinatorial manifolds are Smarandache geometries([6]-[8]). 

There are two well-known theorems in classical tensor analysis, i.e., Stokes’ and Gauss’ 


theorems for the integration of differential n-forms on an n-manifold M, which enables us 


[w= w 
M ƏM 


for a w € A" 1(M) with compact supports and 


f dion f ixp 
M OM 


for a vector field X, where ix : A*+1(M) — A*(M) defined by ixc(Xi, Xo,---, Xy) = 
c(X, X1,---, Xy) for w € A** (M). The similar local properties for combinatorial mani- 


knowing that 


folds with manifolds naturally forward the following questions: wether the Stokes’ or Gauss’ 
theorem is still valid on smoothly combinatorial manifolds? or if invalid, What are their modified 
forms for smoothly combinatorial manifolds ?. 

The main purpose of this paper is to find the revised Stokes’ or Gauss’ theorem for combi- 
natorial manifolds, namely, the Stokes’ or Gauss’ theorem is still valid for n-forms on smoothly 
combinatorial manifolds M if 7% € Jf (n, m), where Jt (n, m) is an integer set determined 
by its structure of a given smoothly combinatorial manifold M. For this objective, we first 
consider a particular case of combinatorial manifolds, i.e., the combinatorial Euclidean spaces 
in the next section, establish a relation for finitely combinatorial manifolds with vertex-edge 
labeled graphs and calculate the integer set 77 (n, m) for a given vertex-edge labeled graph in 
Section 3, then generalize the definition of integration on manifolds to combinatorial manifolds 
in Section 4. The generalized form for Stokes’ or Gauss’ theorem, also their counterparts on 
graphs can be found in Section 5. Terminologies and notations used in this paper are standard 
and can be found in [1] — [2] or [4] for those of manifolds and combinatorial manifolds and [6] 
for graphs, respectively. 


82. Combinatorially Euclidean Spaces 


As a simplest case of combinatorial manifolds, we characterize combinatorially Euclidean spaces 


of finite and generalize some results in Euclidean spaces in this section. 


Definition 2.1 For a given integer sequence n1,n2,::: , Nm, M > 1 with O < ni «ma <- < 
Nm, a combinatorially Euclidean space R(n, ->> Nm) is a union of finitely Euclidean spaces 
T m 


U R”: such that for Vp € R(n, Nm), pE N R” with Mm = dim(() R™) a constant. 
i=1 


i=1 i= 4—1 
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By definition, we can present a point p of R by an m x Nm coordinate matrix [z] following 
with z! = £ for «i m,1«1« fn. 


gil qim gi(m)+1) gin 0 
S g2! gem q2001) q2n2 0 
[z] = 

pmi .. qmm q mnl) nml q4mna 


For making a combinatorially Euclidean space to be a metric space, we introduce inner 
product of matrixes similar to that of vectors in the next. 


Definition 2.2 Let (A) = (aij)mxn and (B) = (bij)mxn be two matrixes. The inner product 
((A), (B)) of (A) and (B) is defined by 


((A), (B)) = >, aijbi;. 


Theorem 2.1 Let (4), (B 
(1) (A, B) = (B, A); 

(2) (A+ B,C) = (A, C) 
(3) (aA, B) = a (B, A); 
(4) (A, A) > 0 with equality hold if and only if (A) = Om xn. 


), (C) be m x n matrixes and a a constant. Then 
+ 


(B,C); 


Proof (1)-(3) can be gotten immediately by definition. Now calculation shows that 


(A, A) = } a} > 0 
ij 


and with equality hold if and only if a;; = 0 for any integers 7,7,1 <i < m,1 < j € n, namely, 
(A) = Omxn- 

















Theorem 2.2 (A),(B) be m x n matrizes. Then 


((A), (B)? < ((A), (A)) ((B), (B)) 
and with equality hold only if (A) = A(B), where X is a real constant. 
Proof If (A) = \(B), then (A, B? = X? (B, B? = (A, A) (B, B). Now if there are no 


constant A enabling (A) = A(B), then (A) — A(B) Z Omxn for any real number A. According 
to Theorem 2.1, we know that 
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Therefore, we find that 


namely, 














Corollary 2.1 For given real numbers aij, bij, 1 à << m,1X j €nm, 


93 aijbi" < Uc a), bz) 





Let O be the original point of R(nj,:--,nm). Then [O] = Omxn,,. Now for Vp,q € 
~ — 
R(ni,::-,n,,), we also call Op the vector correspondent to the point p similar to that of 
— 
classical Euclidean spaces, Then pj = Oq — Op. Theorem 2.2 enables us to introduce an angle 


between two vectors pj and wv for points p,q, u,v € R(n;, eg Tog). 


Definition 2.3 Let p,q,u,v € R(n, ng). Then the angle 0 between vectors pq and ui is 


determined by 





under the condition that 0 <0 € m. 
Corollary 2.2 The conception of angle between two vectors is well defined. 


Proof Notice that 


({p] — [a]; [u] — [v]? < (le) — lal, Ip] — (al) (te) — [v]. lu] — (v]) 
by Theorem 2.2. Thereby, we know that 


- ((p] = d. lu] = fel) = 
~ VQ lel a T - e] D ~ 


Therefore there is a unique angle 0 with 0 < 0 < m enabling Definition 2.3 hold. 














For two points p, q in R(n;, +++ Mm), the distance d(p, q) between points p and q is defined 
to be J/([p] — [a]. [p] — [q])- We get the following result. 
Theorem 2.3 For a given integer sequence n1,n3,*-- , Nm, m > 1 with 0 < nq < na < -< ng, 
(R(ni,--- 7,4); d) is a metric space. 

Proof We need to verify that each condition for a metric space holds in (R(n, “++ Mm); d). 
For two point p,q € R(ni,-:- , 144), by definition we know that 


d(p.q) = v (lp] — lal, [p] — [q]) = 0 
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with equality hold if and only if [p] = [q], namely, p = q and 


d(p, 4) = v ([»] — lal, lp] — [a]) = v (Lal — [p]; la] — [p] = da, p). 


Now let u € R(n, 0). By Theorem 2.2, we then find that 

















(d(p, u) + d(u, p))* 
= ([p] — [u], [p] — lul) + 2v (lp] — lul], [p] — [ul ([u] — lal, lu] — lal) 
+ ([u] — [a]. [u] — lal) 
> ([p] — [u], [p] — [u]) + 2 (Ll — lu], [u] — lal) + (Tel — [a]. [wu] — fal) 
= ([p] — [d], [p] — (a) = d" (p. a). 
Whence, d(p, u) + d(u, p) > d(p, q) and (R(n,:-- , nm); d) is a metric space. 
By previous discussions, a combinatorially Euclidean space R(ni, r2, --- , Nm) can be turned 


T 
to an Euclidean space R” with n = m+ Y (n;— M). It is the same the other way round, namely 
à y 


w=1 
we can also decompose an Euclidean space into a combinatorially Euclidean space. 


Theorem 2.4 Let R” be an Euclidean space and n1, n2,:** ,Nm integers with M < nj « n for 


1<i<m and the equation 


OC 


hold for an integer t, 1 < f < n. Then there is a combinatorially Euclidean space R(n, 2,777, 
Nm) such that 


R^ = R(n1, n2, I^ ifi): 


Proof Not loss of generality, assume the coordinate system of R” is (z1,29,:-: , 4) with 


a basis (e1,e5,--- , e, ]. Since 


m 
n — fü — V (n; — Mm), 
i=1 


Choose 


Ry = (61,02, , 99, 9m, 8n); 
R3 = (e1, €2,° 7+, CMs Cnil, Eni 2,700 sena); 


Rs = (e1, €2,° 20 ; €in; €n341; 9n342; FUR. ,€n3) ; 
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Rm = (e1, €2,::: 5 Om, n, 141; 9n 14922777 (Pim : 
m "T 
Calculation shows dimR; = n; and dim((] R;) = M. Whence R(ni,n2,--- ,n,,) is a 


{=l 
combinatorially Euclidean space. By Definitions 2.1 — 2.2 and Theorems 2.1 — 2.3, we then get 
that 














R” S R(n1, no, uy Tog). 


83. Determining J(n,m) 


Let M(ni,-:.,nj) be a smoothly combinatorial manifold. Then there exists an atlas @ = 

{(Ua,[¢a])|a € T} on M(ni,--- na) consisting of positively oriented charts such that for 
ai s(p) E 

Va € I, S(p) + 2, (ni — $(p)) is an constant ng for Vp € Ua ([4]). The integer set J£ (n, m) 

is then defined by 


Hz (n, m) = (ng, |a € I). 


Notice that M (n;,--- , nm) is smoothly. We know that Jf (n, m) is finite. This set is important 
to the definition of integral and the establishing of Stokes’ or Gauss’ theorems on smoothly 
combinatorial manifolds. We characterize it by a combinatorial manner in this section. 

A vertex-edge labeled graph G(|1, k], [1, 1]) is a connected graph G = (V, E) with two map- 
pings 


T: V —5 {1,2,--- k}, 
T2 : E {1,2,--- ,l) 


for integers k and l. For example, two vertex-edge labeled graphs with an underlying graph K4 
are shown in Fig.3.1. 





Fig.3.1 
For a combinatorial finite manifold M (ni, na, song) with 1 < nij < ng < -< Nm, m > 
1, there is a natural 1 — 1 mapping 6 : M (n5, no, eg) — G([0, nm], [0, nm]) determined in 


the following. Define 


74 Linfan Mao 


V(G((0, nm], [0,%ml)) = Vil_J V2, 


where V; = {n; — manifolds M": in M(m, no, +++ Nm)| L € i € m} and V2 = {isolated inters— 
ection points Oy»; y^; Of M™, M" in M(ni,n2,::: , Nm) for 1 € i,j € m), and label each 
n;-manifold M": in Vi or O in Vo by n(M"*) = ni, r1(O) = 0. Choose 


E(G((0, nm], (0, n5.])) = Er Es. 


where E = {(M™, M":)|dim(M"* (1 M:) >1,1< i,j € m) and Ep = {(Omm m", M™), 
(Oy; 75, M"5)| M" tangent M"; at the point Omni m”; for 1 € i,j € m}, and for an edge 
(M"*, M"3) € E, or (Omri ers, M™) € E», label it by r2(M"*, M") = dim(M™ (| M") or 0, 


respectively. This construction then enables us getting a 1—1 mapping 0 : M(ni,mo,--- , Nm) > 
G([0, mm], [0, mm])- = 
Now let ?4(n1,n2,--- , Nm) denote all finitely combinatorial manifolds M (n1, n2, +++ , Nm) 


and let G[0, nm] denote all vertex-edge labeled graphs G([0, nm], [0, %m]) with conditions follow- 
ing hold. 


(1) Each induced subgraph by vertices labeled with 1 in G is a union of complete graphs 
and vertices labeled with 0 can only be adjacent to vertices labeled with 1. 
(2) For each edge e = (u,v) € E(G), r»(e) € min(mri(u), 71(v)]. 


Then we know a relation between sets H(n1, n2, , Nnm) and G([0, nm], [0, n, ]). 


Theorem 3.1 Let 1 € nj < no < +++ < Nm; M > 1 be a given integer sequence. Then ev- 
ery finitely combinatorial manifold Me "H(ni,na,:-- ,Nm) defines a vertez-edge labeled graph 
G([0, nm], [0, nm]) € G[0, nm]. Conversely, every vertez-edge labeled graph G(|0, nm], [0, nm]) € 
G[0, nm] defines a finitely combinatorial manifold M € (ni,na,--- , ng) with a 1— 1 map- 
ping 0 : G([0, nm], 0, nm]) ^ M such that 6(u) is a 0(u)-manifold in M, t, (u) = dim6(u) and 
T2(v,w) = dim(0(v) N 6(w)) for Vu € V(G([0, nm], [0, nm])) and V(v,w) € E(G([0, nm], [0, nm])). 


Proof By definition, for VM € "H(ni,ma,-:- ,n,,) there is a vertex-edge labeled graph 
G([0, nm], [0,m]) € 9([0, nm], [0, nm]) and a 1 — 1 mapping 0 : M — G([0, nm], [0, nm]) 
such that 6(u) is a 0(u)-manifold in M. For completing the proof, we need to construct 
a finitely combinatorial manifold M € H(n1,n2,:-- , nm) for VG([0, nm], [0, nm]) € GIO, nm] 
with mı (u) = dim (u) and 72(v,w) = dim(0(v)(]0(w)) for Vu € V(G([0, nm], [0, nm])) and 
V(v,w) € E(G([0, nm], [0, nm])). The construction is carried out by programming following. 


STEP 1. Choose |G([0, nm], [0, nm])| — |Vo| manifolds correspondent to each vertex u with a 
dimensional n; if rı (u) = ni, where Vo = {u|u € V(G([0, nm], [0, nm])) and 7; (u) = 0). Denoted 
by V54 all these vertices in G([0, nm], [0, nm]) with label 1. 


STEP 2. For Vu; € V>; with Tı (u1) = ni, if its neighborhood set NG(9,,, 110,5, ] (1) N V>1 = 
(u1) 


{ut v2, ao with r1(v1) = nij, n(v2) = nia, ^, no Y) = N1s(u,), then let the 
manifold correspondent to the vertex u; with an intersection dimension 72(uiv{) with manifold 


correspondent to the vertex v! for 1 < i € s(u1) and define a vertex set A; = {u1}. 
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STEP 3. If the vertex set A; = (u1,u2,::: , uz} € Vsi has been defined and Vs, V A; Æ 9, let 
u1 € Voi \ Ai with a label nj,,,. Assume 


(Ne((0,r1m],{0srm]) (t) (] Ver) \ Ar = Clas vas oY} 


with ni (v1) = naa Ti (v7.4) = 41,2; ° Ke) = Di,4,5(u,,). Then let the manifold 


correspondent to the vertex uj,1 with an intersection dimension ro (ui+10} 44) with the manifold 


correspondent to the vertex Ubi 1 < i< s(uj41) and define a vertex set Ajai = Ar U{ u1}. 


STEP 4. Repeat steps 2 and 3 until a vertex set A; = Vs, has been constructed. This 
construction is ended if there are no vertices w € V(G) with n (w) = 0, i.e., Vor = V(G). 
Otherwise, go to the next step. 


STEP 5. For Vw € V(G([0, nm], [0, nm]))\V>1, assume NG(j0,nm],[0,nm])(W) = {W1, W2, + , We}. 
Let all these manifolds correspondent to vertices w1, w2,--- , we intersects at one point simul- 
taneously and define a vertex set A7, , = A; U{w}. 


STEP 6. Repeat STEP 5 for vertices in V (G([0, mm], [0, nm]))\ V>1. This construction is finally 
ended until a vertex set A7, , = V(G[ni,n2,--- ,%m]) has been constructed. 


A finitely combinatorial manifold M correspondent to G([0, nm], [0,%m]) is gotten when 


A, has been constructed. By this construction, it is easily verified that Me "H(ni,n3,-- na) 
with r;(u) = dim0(u) and 72(v,w) = dim(0(v)(]0(w)) for Vu € V(G([0, nm], 0, n,,])) and 
V(v,w) € E(G([0, nm], 0, n,,])). This completes the proof. IN 





Now we determine the integer set # (n,m) for a given smoothly combinatorial manifold 
M (ni,n2,::: , Nm). Notice the relation between sets 7t(n1,n»5,:*: , Nm) and G([0, nm], [0, 2m]) 
established in Theorem 2.4. We can determine it under its vertex-edge labeled graph G([0, rm], 
[0, Mm). 


Theorem 3.2 Let M be a smoothly combinatorial manifold with a correspondent vertex-edge 
labeled graph G([0, nm], [0, nm]). Then 


d(p) 
Halm) E (nung, rm} U dlp) + SO (ni - d(p))} 
d(p)>3,pEeM E 


JEn GO + m) — ru v) (u, v) € E(G((0, nml, [0, nm]))}- 


Particularly, if G([0, nm], [0, nm]) is Ka-free, then 


Hanm) = in (u)|u € V(G([0, nm], [0, nm]))} 
JEn Qu) + m Q) — mu v)|V(u, v) € E(G(0, nm], (0, n5.])))- 


Proof Notice that the dimension of a point p € M is 
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by definition. If d(p) = 1, then np = nj,1 € j € m. If d(p) = 2, namely, p € M" A M" for 


1 <i,j <m, we know that its dimension is 


ES 


ni +n; — d(p) = n(M"*) +r (M?) — d(p). 


Whence, we get that 


d(p) 
Halm) E (nung, na) U dlp) + SO (ni - 40) 
d(p)23,p€ M p 


JEn Qo + m) — ru o) Mu, v) € E(G((0, nml, [0, nm]))}- 


Now if G([0, nm], [0, nm]) is K3-free, then there are no points with intersectional dimension 
3. In this case, there are really existing points p € M™ for any integer 4,1 < i < m and 
q E M": N M™ for 1< i,j € m by definition. Therefore, we get that 


Jn m)- (n(u)ue V(G([0, nm], [0, nm]))} 


JEn lu) + nv) — 2(u, v) Mu, v) € E(G((0, nm], [0, nm]))}- 














For some special graphs, we get the following interesting results for the integer set 2677 (n, m). 
Corollary 3.1 Let M bea smoothly combinatorial manifold with a correspondent vertex-edge 


labeled graph G([O0, nm], [0, nm]). If G([0, mj], [0, nm]) = P*, then 


Hr; (n,m) = {r (ui), 1 < i € p} UI (us) + m Qaa) 7 (us ua) Ei p-1) 


and if G([0, nm], [0, nm]) = C? with p > 4, then 
Hn m) = (wu) 1xixp) (Jir (ua) + 71(tUi41) — Ta(us, Ui41)|1 < i € p, i = (modp)}. 


§4. Integration on combinatorial manifolds 


We generalize the integration on manifolds to combinatorial manifolds and show it is indepen- 


dent on the choice of local charts and partition of unity in this section. 


4.1 Partition of unity 


Definition 4.1 Let M be a smoothly combinatorial manifold and w € A(M). A support set 
Suppw of w is defined by 
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Suppw = (p € M;w(p) £ 0} 


and say w has compact support if Suppw is compact in M. A collection of subsets {Cj |i € T} of 
M is called locally finite if for each p € M, there is a neighborhood Up of p such that U,NC; = 0 


except for finitely many indices i. 
A partition of unity on a combinatorial manifold M is defined in the next. 


Definition 4.2 A partition of unity on a combinatorial manifold M is a collection ((U;, g;)|i € 
I), where 


(1) {U;li € T} is a locally finite open covering of M; 
(2) gi € X (M), gi(p) > 0 for Vp € M and suppg; € U; for i € T; 
(3) For pe M, X gi(p) = 1. 


For a smoothly combinatorial manifold M, denoted by G M ] the underlying graph of its 
correspondent vertex-edge labeled graph. We get the next result for a partition of unity on 


smoothly combinatorial manifolds. 
Theorem 4.1 Let M be a smoothly combinatorial manifold. Then M admits partitions of 
unity. 


Proof For VM € V(G[M]), since M is smooth we know that M is a smoothly submanifold 
of M. As a byproduct, there is a partition of unity ((U$, 9%,)|a € Im} on M with conditions 
following hold. 


(1) {U{;|a € Im} is a locally finite open covering of M; 
(2) gg, (p) 2 0 for Vp € M and suppg$, € US, for a € Im; 
(3) For p e M, © gy(p) = 1. 


By definition, for Vp € M, there is a local chart (Up, [Yp]) enable yp : Up > BP: (J B'i2 U--- 
U B's with B" N B™2 N- -N B^» #0. Now let UM s UMa Uns be s(p) open 


sets on manifolds M, M € V(G[M]) such that 


s(p) 
peus=(JU%,. (41) 
h=1 


We define 


S(p) = {Up | all integers a enabling (4.1) hold}. 


Then 


A= [J $0) = {Upla€ 1(») 


peM 
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is locally finite covering of the combinatorial manifold M by properties (1) — (3). For VUE E 


S(p), define 


gue => 5 JI gmg ) 


821 {i1,i2; i5 }C{1,2,--- ,s(p)} A=1 
and 
gue = ——E 
p - P» oF 
VES(p) 


Then it can be checked immediately that {(U 3, gue)|p € M,a € I(p)} is a partition of unity 














on M by properties (1)-(3) on gi, and the definition of gue. 


Corollary 4.1 Let M be a smoothly combinatorial manifold with an atlas A = { (Va, [4])|a € 
T} and ta be a C* tensor field, k > 1, of field type (r,s) defined on Va for each a, and assume 
that there exists a partition of unity {(U;, gi)li € J} subordinate to A, ie., for Vi € J, there 
exists a(i) such that Ui C Vay. Then for Vp € M, 


t(p) — 5 gita(i) 
is a OF tensor field of type (r,s) on M 


Proof Since (U;|i € J} is locally finite, the sum at each point p is a finite sum and t(p) 
is a type (r,s) for every p € M. Notice that t is CF since the local form of t in a local chart 


(Vati): [2o(]) is 


2 i sitac), 
J 


where the summation taken over all indices j such that Vac) (Vag) # 0. Those number j is 











finite by the local finiteness. 





4.2 Integration on combinatorial manifolds 


First, we introduce integration on combinatorial Euclidean spaces. Let R(n;, -> Nm) be a 


combinatorially Euclidean space and 


T: R(n1, e nm) > R(n,- na) 


a C! differential mapping with 
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KA 
where d: ceu = Iser: T 


Now let w € TP(R(n1, ++- ,nm)), a pull-back T*w € TO (R(ni,--- ,%m)) is defined by 


T'w(a1,a2,:* , ak) = w(f (a1); f(a2),: - , f(ax)) 


for Va1,a2,::: ,a& € R. 
Denoted by n = M+S (n;—n). I£0 € 1 € n, recall([4]) that the basis of A! (R(n;,-- ,mm)) 
i1 
is 
fe? A e? A... Ae"|1 < iy «do <4 <n} 
for a basis e1,e3,-:: ,e, of R(ni,--- , Mm) and its dual basis e!,e2,--- ,e". Thereby the di- 
mension of A!(R(n1, -+> ,mm)) is 
(m+ (n, — m))! 
n i=l 
l (M+ E (n; — fm) — 0! 
i=1 
Whence A"(R(n1,---,mm)) is one-dimensional. Now if wo is a basis of A"(R), we then 
know that its each element w can be represented by w = cwo for a number c € R. Let 
T: R(n, ey Nm) > R(n, D) be a linear mapping. Then 


T* : A" (R(n1, 0 ,ng)) > A” (R(ni,--* ,nm)) 


is also a linear mapping with T*w = cT*wo = bw for a unique constant b = detr, called the 
determinant of 7. It has been known that ([1]) 





oly] 
detr = det( —— 
oe) 
for a given basis e4,e5,--- ,en of R(ni,--- , Mm) and its dual basis e!, e?,--- ,e”. 
~ m 
Definition 4.3 Let R(n1,n2,::- , Nm) be a combinatorial Euclidean space,n = M+ Y (nj — in), 
il 
U C R(ni,no,:-: , Nm) and w € A"(U) have compact support with 
w(x) = Ups vi, ) (ui, Yin JOT Vii LETTO da; in Vin 
relative to the standard basis e"",1 < u X m,1 € v € nq of R(n1, na, “++ Rs) with e” = e 


for 1€ u X fm. An integral ofw on U is defined to be a mapping Ig Dif Is fJ € R with 


fe = J «e [Te Il] 4" (42 


A2f-Tlül€KvEni 


where the right hand side of (4.2) is the Riemannian integral of w on U. 


For example, consider the combinatorial Euclidean space R(3,5) with REAR = R. Then 
the integration of an w € A7(U) for an open subset U € R(3,5) is 
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[e=] v (x)dz! dal da dz? da? dr” dz”. 
U Un(R3UR5) 


Theorem 4.2 Let U and V be open subsets of R(n;, +++ T) and 7 : U — V is an orientation- 


m 
preserving diffeomorphism. Ifw € A”(V) has a compact support for n = M+ 3; (n; — M), then 


i=1 
[re = fw. 


Proof Let w(x) = w(yu,, viz) (din Vin ) dz A+++ A daxtinvin € A"(V). Since 7 is a diffeo- 
morphism, the support of 7*w is 7~1(suppw), which is compact by that of suppw compact. 


T*w € A"(U) has compact support and 


By the usual change of variables formula, since T*w = (wo 7)(detr)wo by definition, where 
wo = dz! A- A^ da? A dal A dg10892) A... Adet A... A dg", we then get that 


m 


J Tw = / (w o 7) (detr) | [ az" II dat” 


v=1 pwem+1i<v<n, 
= fo. 


Definition 4.4 Let M be a smoothly combinatorial manifold. If there exists a family (Us, [Palla € 
1)) of local charts such that 














(1) UU. - M; 
acT 


(2) for Vo, 8 € T, either U,(|Ug = 0 or US (|Ug #0 but for Vp € Ua (Ug, the Jacobi 


matrix 





det ( 


then M is called an oriently combinatorial manifold and (Ua, [Pa]) an oriented chart for Va € T. 
Now for any integer n € JC (n, m), we can define an integral of n-forms on a smoothly 
combinatorial manifold M (ni,:-: , Nm). 


Definition 4.5 Let M be a smoothly combinatorial manifold with orientation € and (U; []) 
a positively oriented chart with a constant ng € J£ (n, m). Suppose w € A"v (M), U C M has 
compact support C c U. Then define 


f= [eo «n 


Now if 6. is an atlas of positively oriented charts with an integer set 2&7. (n,m), let 
P = {(Ua,asJa)|a € I) be a partition of unity subordinate to Cga ForVw € A?(M), 
n € Hn, m), an integral of w on P is defined by 
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[A X [noe (4.4) 


The next result shows that the integral of n-forms for Vn € J£ (n, m) is well-defined. 


Theorem 4.3 Let M(n;,::- nj) be a smoothly combinatorial manifold. For 3i € A vn, m), 
the integral of n-forms on M(ni,--- ,n,4) is well-defined, namely, the sum on the right hand 
side of (4.4) contains only a finite number of nonzero terms, not dependent on the choice of 


Cy and if P and Q are two partitions of unity subordinate to Grz, then 


M? 
P Jg 


Proof By definition for any point p € M (ni, +++ 1m), there is a neighborhood Us such 
that only a finite number of gq are nonzero on Us Now by the compactness of suppw, only 
a finite number of such neighborhood cover suppw. Therefore, only a finite number of ga are 
nonzero on the union of these Us namely, the sum on the right hand side of (4.4) contains only 
a finite number of nonzero terms. 

Notice that the integral of n-forms on a smoothly combinatorial manifold M (ni, ma) 


= s(p) es 
is well-defined for a local chart U with a constant ng = S(p) + Ð (ni — $(p)) for Vp € U c 
i=l 


M (ni, 0) by (4.3) and Definition 4.3. Whence each term on the right hand side of (4.4) 
is well-defined. Thereby [jw is well-defined. 

Now let P = {(ŪUa, pa, Ja)la € I) and Q = ((Va, og, ha)|8 € J} be partitions of unity 
subordinate to atlas V7 and @~ with respective integer sets JE rn, m) and JC (n, m). Then 
these functions {gahg} satisfy gahg(p) = 0 except only for a finite number of index pairs (a, 8) 
and 


S gahglp) —1, for Vp € M(nj,--- , nm). 
a B 
Since $7 = 1, we then get that 
B 
f= EJEDE | ros 
a B « 
XY f gohow = f w. 
a B Q 














By the relation of smoothly combinatorial manifolds with these vertex-edge labeled graphs 
established in Theorem 3.1, we can also get the integration on a vertex-edge labeled graph 
G([0, nm], [0, nm]) by viewing it that of the correspondent smoothly combinatorial manifold M 
with A'(G) = A'(M), JG (n, m) = JC (n, m), namely define the integral of an n-form w on 
G([0, nm], [0, nm]) for i € Han, m) by 
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Een 
G((0,nm],[0,2m]) M 


Then each result in this paper can be restated by combinatorial words, such as Theorem 5.1 
and its corollaries in next section. 

Now let ni,n2,::: ,%m be a positive integer sequence. For any point p € M, if there is a 
local chart (Up, [~p]) such that [pp] : Up > B™ UB™U---UB"™ with dim(B™ (| B"? ---() 
DB?) = M, then M is called a homogenously combinatorial manifold. Particularly, if m — 1, 
a homogenously combinatorial manifold is nothing but a manifold. We then get consequences 


for the integral of (M + 35 (n; — fÓ))-forms on homogenously combinatorial manifolds. 
i=1 


Corollary 4.2 The integral of (M+ 3; (ni — Ó))-forms on a homogenously combinatorial man- 


ifold M (ni, no, +++ Mm) ds well-defined, particularly, the integral of n-forms on an n-manifold 
is well-defined. 


Similar to Theorem 4.2 for the change of variables formula of integral in a combinatorial 


Euclidean space, we get that of formula in smoothly combinatorial manifolds. 


Theorem 4.4 Let M(n;, 713,::* , Tl) and N (hs, kg,+++ , kj) be oriently combinatorial manifolds 
and r : M — N an orientation-preserving diffeomorphism. If w € AF(N N), kc JS (k,l) has 


compact support, then T*w has compact support and 


fe fr 


Proof Notice that suppr*w = r^ !(suppw). Thereby 7*w has compact support since w has 
so. Now let ((U;, v;)|i € I} be an atlas of positively oriented charts of M and P = (gii € T} a 
subordinate partition of unity with an integer set y(n, m). Then {(7(Ui), gio 1 !)|i € I) is 
an atlas of positively oriented charts of N and Q = (gior-!) is a partition of unity subordinate 
to the covering {7(U;)|i € I} with an integer set JC ap (E, 1). Whence, we get that 


[re = X [sco- Y J otn 
D J ee Aor w= ftot (gio T Nu = f e. 














85. A generalized of Stokes’ or Gauss’ theorem 


Definition 5.1 Let M bea smoothly combinatorial manifold. A subset D of M is with boundary 


if its points can be classified into two classes following. 
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Class l(interior point Int D) For Vp € IntD, there is a neighborhood V. of p enable 
VCD, 

Case 2(boundary aD) For Vp € OD, there is integers u,v for a local chart (Uy; |pp]) of 
p such that x”” (p) = 0 but 


U,n D = (gla € Up, 2 > 0 for V(s, A} # (uv). 
'Then we generalize the famous Stokes! theorem on manifolds in the next. 


Theorem 5.1 Let M be a smoothly combinatorial manifold with an integer set 2£77(n, m) and 
D a boundary subset of M. For Vi € 2; (n, m) if w € A"(M) has a compact support, then 


f w=] w 
D aD 


with the convention Iss w — 0 while 9D = 0). 


Proof By Definition 4.5, the integration on a smoothly combinatorial manifold was con- 
structed with partitions of unity subordinate to an atlas. Let @ be an atlas of positively 
oriented charts with an integer set #(n,m) and P = {(Ūa, 9a; Ja)la € I] a partition of 
unity subordinate to $67. Since suppw is compact, we know that 


[pte Y f, on 


w= Jaw. 
a x. n 
acl 


and there are only finite nonzero terms on the right hand side of the above two formulae. 


J d(gaw) = "m go 
D aD 
for Va € T. 


Not loss of generality we can assume that w is an Ti-forms on a local chart (U, [y]) with a 


Thereby, we only need to prove 


compact support for n € J^ (n, m). Now write 


T 

= h—1 Hivi hi, Vi Hiz Vi 

w= > (—1)" wy, n, dz à A A dann N- A dal isis 

Hip Vip , 
h=1 


where dz"»"i& means that dz ^"^ is deleted, where 


in € {1, , fiv, (Ay + 1), , (ni), (2(Q0u + 1), , (2n2), 5 (mm). 


Then 
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do — y Debian gaara po dat (5.1) 
m Oa" in in ` : 
h=1 
Consider the appearance of neighborhood U. There are two cases must be considered. 
Casel U[j0D-0 


In this case, tas w = 0 and U is in M\ D or in Int D. The former is naturally implies that 
Is d(gaw) = 0. For the later, we find that 


Up; Vi Vi is Mic 
ri dw = EE E Brno n d* ghi ELM da^ TES CM (5.2) 


Notice that f la o Perinin dein "i = ( since w,;, »,, has compact support. Thus f5 dw — 0 as 


desired. 
Case2 UNOD 40 


In this case we can do the same trick for each term except the last. Without loss of 


generality, assume that 


ÜM D = (ala € U, a^" (q) > 0) 


and 


(ad = (ala € U, a^" (q) = 0). 


'Then we get that 


c E 
oD 


i: pov c 
= Ye» f 1 Uni, Yin, dg” A+++ A daxlinVin A+++ A dz" iia 
=| UndD 


q— 


naD 


> 


= c f Wp vi, dati A ese A diga sa 
unoD ^" * 
since dr“inYin(q) = 0 for q € Urn AD. Notice that R?-! = OR" but the usual orientation 


on R?-! is not the boundary orientation, whose outward unit normal is —e; = (0,--- ,0, —1). 
Hence 


w = — OETA (gtii, giai ia, Q)dzP "a .. - da; s i ia- , 
ob org nia 


On the other hand, by the fundamental theorem of calculus, 
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Pig Vig )dz" "a .. . da 5-1 i 
Ré- Ox isis Vig 


i4 Vi Bán Vin pcd Bis QV 
a Up, vs, (z^ Ay. gai ia 1,0)dz"à i1... dg in-i" in- 


RA-1 


Since wu: vı, has a compact support, thus 


l w= -f Wp vi (BPE o> gta a Oda Pit sos dga- ia, 
U Rück "o 


Therefore, we get that 


],&- f.» 
D aD 


Corollaries following are immediately obtained by Theorem 5.1 











'This completes the proof. 





Corollary 5.1 Let M bea homogenously combinatorial manifold with an integer set 2t (n, m) 
and D a boundary subset of M. For i € 26 (n, m) ifw € A"(M) has a compact support, then 


], e - f.» 
D aD 


particularly, if M is nothing but a manifold, the Stokes’ theorem holds. 


Corollary 5.2 Let M bea smoothly combinatorial manifold with an integer set (n, m). 
For i € 2 (n,m), if w € A"(M M) has a compact support, then 


pero. 
M 


By the definition of integration on vertex-edge labeled graphs G([0, nm], [0, nm]), let a 
boundary subset of G([0, nm], [0, nm]) mean that of its correspondent combinatorial manifold 
M. Theorem 5.1 and Corollary 5.2 then can be restated by a combinatorial manner as follows. 


Theorem 5.2 Let G(|0, nm], [0, nm]) be a vertex-edge labeled graph correspondent with an integer 
set Ha(n,m) and D a boundary subset of G([0, nm], [0, nm]). For Vn € He(n,m) if o € 
A? (G([0, nm], [0,m])) has a compact support, then 


f e - [o 
D oD 
with the convention Jas w=0 while 9D = 0. 


Corollary 5.3 Let G([0, nm], [0, ,,]) be a vertex-edge labeled graph correspondent with an 
integer set HG@(n,m). For Vii € Jta (n, m) ifw € A” (G([0, nm], [0, nm])) has a compact support, 
then 
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| w=0. 
G([0,rm][0,2m]) 


Similar to the case of manifolds, we find a generalization for Gauss’ theorem on smoothly 


combinatorial manifolds in the next. 


Theorem 5.3 Let M be a smoothly combinatorial manifold with an integer set Jt (n, m), D 
a boundary subset of M and X a vector field on M with a compact support. Then 


Jai = | ixv, 
D aD 


where v is a volume form on M, i.e., nonzero elements in A®(M) for fi € 2€ (n, m). 


Proof This result is also a consequence of Theorem 5.1. Notice that 


(divX)v = dixv + ixdv = dixv. 


According to Theorem 5.1, we then get that 


i: (divX)v — i QE 
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Abstract: Let G be a simple graph with diameter four,if G does not contain complete 
subgraph K3 of order three. We prove that the Betti deficient number of G, €(G) < 2. 
Le. the maximum genus of G, yu(G) > z8(G) — ] in this paper, which is related with 


Smarandache 2-manifolds with minimum faces. 
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81. Preliminaries and known results 


In this paper, G is a finite undirected simple connected graph. The maximum genus ym (G) of 
G is the largest genus of an orientable surface on which G has a 2-cell embedding, and £(G) is 
the Betti deficiency of G. To determine the maximum genus yj (G) of a graph G on orientable 
surfaces is related with map geometries, i.e., Smarandache 2-manifolds (see [1] for details) with 
minimum faces. 

By Xuong's theory on the maximum genus of a connected graph, £(G) equal to 8(G) — 
2yu (G), where 8(G) = |E(G)| — |V(G)| + 1 is the Betti number of G. For convenience, we use 
deficiency to replace the words Betti deficiency in this paper. Nebesky[2] showed that if G is a 
connected graph and A C E(G), let v(G, A) = c(G — A) + b(G — A) — |A| — 1, where c(G — A) 
denotes the number of components in G — A and b(G — A) denotes the number of components 
in G — A with an odd Betti number, then we have £(G) = max(v(G, A)|A C E(G)}. 


Clearly, the maximum genus of a graph can be determined by its deficiency. In case of that 





£(G) € 1, the graph G is said to be upper embeddable. As we known, following theorems are 
the main results on relations of the maximum genus with diameter of a graph. 


Theorem 1.1 Let G be a multigraph of diameter 2. Then €(G) < 1. 


Skoviera proved Theorem 1.1 by a different method in [3] — [4]. 
Hunglin Fu and Minchu Tsai considered multigraphs of diameter 3 and proved the following 


theorem in [5]. 
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Theorem 1.2 Let G be a multigraph of diameter 3. Then £(G) < 2. 


When the diameter of graphs is larger than 3, the Betti deficiency of G is unbounded. The 
following investigations have focused on graphs with a given diameter and some characters. 
Some results in this direction are presented in the following. 


Theorem 1.3([16]) Let G be a 3-connected multigraph of diameter 4, then £(G) < 4. 
Theorem 1.4(|16]) Let G be a 3-connected simple graph of diameter 5. Then £(G) < 18. 


Yuanqiu Huang and Yanpei Liu proved the following result in [6]. 


Theorem 1.5 Let G be a simple, Ka-free graph of diameter 4, then £(G) € 4, where K3-free 


graph means that there are no spanning subgraphs K3 in G. 


'The main purpose of this paper is to improve this result. 


92. Main result and its proof 


Nebesky's method is useful and the minimality property of the edge subset A in this method 
plays an important role. For convenience, we call a graph with £(G) > 2 a deficient graph. 
Any set A C E(G) such that v(G, A) = £(G) will be called a Nebesky set. Furthermore, if A is 


minimal, then it will be called a minimal Nebesky set. 


Lemma 2.1([5]) Let G be a deficient graph and A a minimal Nebeský set of G. Then 

(a) &(G — A) = c(G — A) > 2. More, if G is a simple graph then every component of G — A 
contains at least three vertices; 

(b) the end vertices of every edge in A belong to distinct components of G — A; 

(c) any two components of G — A are joined by at most one edge of A; 

(d) £(G) = 2c(G — A) — |A| — 1. 

With the support of Lemma 2.1, we are able to construct a new graph based on the choice 
of A. Let G be a deficient graph and A a minimal Nebeský set of G. G4 is called a testable 
graph of G if V(G A) is the set of components of G — A and two vertices in G4 are adjacent if 
and only if they are joined in G by an edge of A. We shall refer the vertices of G4 to as the 
nodes of Ga, and uA, vA,...are typical notation for the nodes. 


Lemma 2.2 Let G be a deficient graph and A a minimal Nebesky set of G. Then 


&(G) = 2p(Ga) — (Ga) — 1, 


where p(G4) and q(Ga) are the numbers of nodes and edges of Ga, respectively. 


Proof By the definition of G4, we know that p(GA) = c(G— A) and q(G4) = |A|. Applying 
Lemma 2.1, we find that 


&(G) = 2c(G — A) — |A| — 1 = 2p(Ga) — (Ga) — 1. Oo 
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Lemma 2.3 If G is triangle-free, there exist awa € V(Ga) such that 2 € |E(wa, A)| € 3, 
where E(w,,A) denotes the set of edges of Ga incident with wa. 


Proof Let To, denote the component of G—A which corresponds to wa in G4. By Lemma 
2.1 |V(G 4)| 2 2. If for all w4 € V(G A), there is | E(wA, A)| > 4, then 


A=} Y. IE AU > 2V(GA)I. 
wACV(GA) 
Applying Lemma 2.1 and the definition of G4, £(G) = 2V(G4) — |A| - 1 € —1, a contradiction. 
For G is connected, |E(wa, A)| > 1. If |E(wa4, A)| = 1, let E(w4, A) = {e}, e = fh, f € 
V(Toa) h € V(I5,),cA € V(Ga). By Lemma 2.1, 6(T,,) is odd and To, is simple and 
triangle-free, there exists f € V(T,,) such that f Z f, ff g E(G). Similarly, there exists 
h € V(T;,) such that h Z h, hh. € E(G). Since e is a bridge, da(f , h) > 5, a contradiction. 
So we get that 2 € |E(w4, A)| < 3. o 


Theorem Let G be a simple, triangle-free graph of diameter 4, then €(G) < 2, i.e., the 
maximum genus of G, ym(G) > $8(G) — 1. 


Proof Let II={H|H is a simple graph of diameter 4 and does not contain a spanning 
subgraph K3 with £(G) > 2 }. We claim that II is an empty set. Suppose it is not true, let 
G € IL be with minimum order. Clearly, G is a deficient graph. Now let A be a minimal Nebeský 
set. Applying Lemma 2.1(a), each component of G — A has odd Betti number. Thus, each 
component of G — A must be a quadrangle. Otherwise, there exists a graph |V(G')| < |V(G)]. 
Now let Tz, denote the component of G — A which corresponds to z4 in G4 for each node 
ta E V(Ga). 

By Lemma 2.3, choose z4 € V (Ga) with 2 € |E(z4, A)| € 3, and define Do = {za}, Di = 
N(z4) and Dz = V (Ga) — N(z4). We call x € V(G) a distance k vertex, if min {d(x, z)|z € 
V(1;,)) = k and denote E(D;, D;) = {xaya € E(Ga)|za € Di and ya € Dj}, where 0 < 
i,j € 2 (Note that the order of x4 and ya is important throughout of the proof). We also need 
the following definitions. 

Aj={taya € E(D», Di)| there exists a distance 1 vertex of Ty, adjacent to a distance 2 
vertex of T; ,, or a distance 2 vertex of T}, adjacent to a distance 3 vertex of Ty, and a distance 
1 vertex of Tu, for some wa € Dı — {ya}}. 

A»—í(rAyA € E(D», D3)| x, is not incident with any edge of A; and ya is incident with 
one edge of A; and Ty, contains a vertex both adjacent to a vertex of Ty, and a vertex of Ty, 
for some ua € Di} U {zaya € E(Ds, D3)| za is not incident with any edge of A; and ya is 
incident with at least two edges of A4). 

As—(rAyA € E(Di, Di)| there exists a distance 2 vertex of Ts, adjacent to a distance 1 
vertex of Ty, }. 

Now, according to these edge subsets A4 — Aa of E(G 4), we define a directed graph Ga 
based on Gy: 

(i) V(G4) = V (Ga); 

(ii) if raya € E = iL Ai) (D1, Do), then join two arcs from y4 to z4; 
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(iii) if zaya € E(Ga) — E , then let (x4, ya) and (y4, £4) be arcs of e. 
By this definition, it is easy to see that 


x deg(xa) = 5 deg (xa), 


rACV(GA) ta€V(Ga) 


where deg" (xa) denotes the in-degree of xa in Ga. Therefore, the in-degree sum of Ga gives 
2q(G 4). 
— = 
Now, we count the in-degree sum of G4. Let x4 be an arbitrary node in V(G 4). 


(1) xa € Do. Then deg” (x4) = 0 clearly. 
(2) xa € D». The situation is divided into the discussions (i)-(iv) following. 
(i) xa is not incident with edges of A1, but incident with edges of A». 

Case 1 x,y is incident with at least two edges of Ag, then deg" (rA) > 4. 


Case 2 x,y is incident with one edge e of A». Let z1y1 be an edge of E(G) which corresponds 
to the edge e. Accordingly, T,, is a quadrangle and 2 € |E(z4, A)| € 3. Then there exist 
zı € V(Tz;,) and deg(z1) = 2. We know that d(zi,21) =4in G. Let V(Tz,) = (21,22, 23, £4}. 
In T;,, £2 must be incident with an edge of E(G4) — E' such that d(xo,21) < 4(in fact 


d(x2, 21) = 4). Similar discussion can be done done for vertices 73 and x4. So deg" (rA) > 4. 
(i) xa is not incident with edges of Ay |J A2. 


Let V(T,,) = (z1,22, 23,4]. In Tz,, r, must be incident with an edge of E(G4) — E 
such that d(a1, 21) € 4(in fact d(x2, 21) = 4). Similar discussion can be done done for vertices 
23,423 and z4. So deg" (xa) > 4. 


(iii) xa is incident with edges of A1, but not incident with edges of Ag. 
Case 1 r4 is incident with at least two edges of A1, then deg (x4) > 4. 


Case 2 x,y is incident with one edge e of A1. Let zr1y1 be an edge of E(G) which corresponds 
to the edge e. Let V(T,,) = (zi, £2, £3, x4) and d(z1, 21) > 3. In T,,, it supposes that x3 is 
not incident with x1, then z3 must be incident an edge of E(G'4). Let this edge be e. Then 
e € E(GA)—E , and e contributes one de-agree. So deg" (x4) > 3(in fact, when deg" (x4) = 3, 
e € E(D3, Di)). 


(iv) xa is incident with edges of A; and Ag. 
Case 1 r4 is incident with at least two edges of A1, then deg" (x4) > 4. 


Case 2 x,y is incident with one edge e of A1. Let zr1y1 be an edge of E(G) which corresponds 
to the edge e. Let V(T,,) = (z1,22, £3, x4) and d(z1,21) > 3. In T,,, it supposes that x3 
is not incident with xı, then x3 must be incident with an edge of E(G,4). Let this edge be 
e. Then e € A or e € E(G4) — E'. In the former, e must contributes two de-agree for 
xa. In the latter, e contributes one de-agree. So deg- (x4) > 3(in fact,when deg- (rA) = 3, 
e € E(D2, Di)). 

Hence, for xa € Do, deg (x4) > 3 
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Let M={a4 € Da|deg (rA) = 3). We get that 


Y. deg (x4) > 4|D3| — |M]. 


TACD2 


(3) ZA € Di: 


By the definition of Ga , the edge connects Do and Dı contributes two de-agree for x4. 
Let xıyı be an edge of E(G) corresponds to this edge(yi € E(T;,)). 

Let V (Tra) = (21, 22, 23, 04}. In T,,, it supposes that x3 is not incident with z1. In T,,, 
there exists z2 € V(T.,) so that if d(za,22) < 4. If x3 does not connect z2 though x2 or z4, 
13 must be incident with one edge of E(G4). Let that edge be e. Then e € E(G4) — E' and 
deg(x4) > 3. If x3 connects z2 though x2 or £4, £2 or z4 is incident with one edge of E(G 4). 
Let that edge be e. Then e € E(G4) — E' or e € As, and e contributes at least one de-agree. 
So deg(x4) > 3. 


Hence, for all r4 € Dj, 


Y. deg (xa) > 3|D1ı| + |M]. 


TACD| 


Now by discussions (1) and (2), we get that 


2q(GA) = S deg (a) 
mACV(GA) 

4|Də| — |M| + 34| + |M] 
4p(G4) — |D1| - 4 
AP(G 4) — T. 


IV 


Applying Lemma 2.2 again, we get that €(G) = 2p(G4) — 1— q(G4) < 2, also a contradic- 
tion. This completes the proof. oO 


To see that the upper bound presented in our theorem is best possible, let us consider the 
following family of infinite graphs, as depicts in Fig. 1. There are even paths with length 2 
from m to n. Thus, this graph is triangle-free with diameter 4. It is not difficult to check that 
its Betti deficiency are equal to 2. 
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Fig.1 
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Abstract: Let G bea connected graph of order n, and NC2(G) denote min{|N(u)UN(v)| : 
dist(u,v) = 2}, where dist(u,v) is the distance between u and v in G. A cycle C in G is 
called a dominating cycle, if V (G)NVV (C) is an independent set in G. In this paper, we prove 
that if G contains a dominating cycle and 6 > 2, then G contains a dominating cycle of 
length at least min(n, 2N C2(G) — 1} and give a family of graphs showing our result is sharp, 
which proves a conjecture of R. Shen and F. Tian, also related with the cyclic structures of 


algebraically Smarandache multi-spaces. 
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81. Introduction 


All graphs considered in this paper will be finite and simple. We use Bondy & Murty [1] for 
terminology and notations not defined here. 

Let G — (V, E) be a graph of order n and C be a cycle in G. C is called a dominating 
cycle, or briefly a D-cycle, if V(G)\V(C) is an independent set in G. For a vertex v in G, the 
neighborhood of v is denoted by N(v), and the degree of v is denoted by d(v). For two subsets 
S and T of V(G), we set Nr(S) = (v € TAS: N(v) NS # 0). We write N(u,v) instead of 
Nya) ({u, vj) for any u,v € V(G). If F and H are two subgraphs of G, we also write NE(H) 
instead of Nye) (V(H)). In the case F — G, if no ambiguity can arise, we usually omit the 
subscript G of NG(H). We denote by G[S] the subgraph of G induced by any subset S of V(G). 

For a connected graph G and u,v € V(G), we define the distance between u and v in 
G, denoted by dist(u, v), as the minimum value of the lengths of all paths joining u and v in 
G. If G is non-complete, let NC(G) denote min(|N(u, v)| : uv € E(G)) and NC2(G) denote 
min(|N(u,v)| : dist(u,v) = 2}; if G is complete, we set NC(G) = n — 1 and NC2(G) —^n-— 1. 

In [2], Broersma and Veldman gave the following result. 


Theorem 1(|2]) If G is a 2-connected graph of order n and G contains a D-cycle, then G has 
a D-cycle of length at least min{n,2NC(G)} unless G is the Petersen graph. 


For given positive integers n1,n9 and na, let K(n1,n2,n3) denote the set of all graphs 
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of order nı + n3 + ng consisting of three disjoint complete graphs of order ni, n2 and ng, 
respectively. For any integer p > 3, let Ji (resp. 7) denote the family of all graphs of order 
2p + 3 (resp. 2p + 4) which can be obtained from a graph H in K(3,p, p) (resp. K(3,p, p+ 1)) 
by adding the edges of two triangles between two disjoint triples of vertices, each containing 
one vertex of each component of H. Let Jı = {G :G is a spanning subgraph of some graph in 
Jf) and J» = {G :G is a spanning subgraph of some graph in 77). In [5], Tian and Zhang 
got the following result. 


Theorem 2([5]) If G is a 2-connected graph of order n such that every longest cycle in G 
is a D-cycle, then G contains a D-cycle of length at least min(n, 2N C2(G)) unless G is the 
Petersen graph or G € AU js. 


In [4], Shen and Tian weakened the conditions of Theorem 2 and obtained the following 
theorem. 


Theorem 3([4]) Jf G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at 
least min(n, 2NC2(G) — 3}. 


Theorem 4((6]) If G contains a D-cycle and ô > 2, then G contains a D-cycle of length at 
least min(n, 2NC2(G) — 2}. 


In [4], Shen and Tian believed the followings are true. 


Conjecture 1 If G satisfies the conditions of Theorem 3, then G contains a D-cycle of length 
at least min(n, 2N C2(G) — e(n)}, where e(n) = 1 if m is even, and e(n) = 2 if n is odd. 


Conjecture 2 If G contains a D-cycle and ô > 2, then G contains a D-cycle of length at 
least min(n, 2NC2(G)} unless G is one of the exceptional graphs listed in Theorem 2. And the 
complete bipartite graphs Kmm+q (q 7 1) show that the bound 2N C2(G) is sharp. 


In this paper, we prove the following result, which solves Conjecture 1 due to Shen and 
Tian, also related with the cyclic structures of algebraically Smarandache multi-spaces (see [3] 
for details). 


Theorem 5 /f G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at least 
min(n, 2NC2(G) — 1} unless Ge J. 


Remark The Petersen graph shows that our bound 2NC2(G) — 1 is sharp. 


§2. Proof of Theorem 5 


In order to prove Theorem 5, we introduce some additional notations. 

Let C be acycle in G. We denote by C the cycle C with a given orientation. If u,v € V(C), 
then uCv denotes the consecutive vertices on C from u to v in the direction specified by 
C. The same vertices, in reverse order, are given by vCu. We will consider uCv and vCu 


= 
both as paths and as vertex sets. We use u^ to denote the successor of u on C and u- to 
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denote its predecessor. We write ut? := (u*)* and u^? := (u-)^, etc. If A C V(C), then 
At = {vt :v € A} and A` = (v^ :v € A}. For any subset S of V(G), we write N*(S) and 
N~(S) instead of (N(S))* and (N(S))- respectively. 


Let G be a graph satisfying the conditions of Theorem 4, i.e. G contains a D-cycle and 
ô > 2. Throughout, we suppose that 


— —G is non-hamiltonian and C is a longest D-cycle in G, 
—|V(C)| < 2NC2(G) — 2, 

——R=G\V(C) and x € R, such that d(x) is as large as possible. 
First of all, we prove some claims. 


By the maximality of C and the definition of D-cycle, we have 
Claim 1 N(x) C V(C). 
Claim 2 N(x) N N*(z) = N(x) N N- (x) = 0. 
Let vi,vo,..., vy be the vertices of N(x), in cyclic order around C. Then k > 2 since 


ô > 2. For any i € (1,2,..., k}, we have v? ¥ vi+ı (indices taken modulo k) by Claim 2. Let 
— 
uj = v? , Wi = v;,, (indices taken modulo k), T; = u;C wi, ti = |T;]. 


Claim 3 Na(y1) O Nr(y2) = 0, if yi, yo € N* (x) or y1, yo € N- (x).In particular, NT (x) N 
N(u;) = N(x) N N(w;) = 0. 


For any i,j € {1,2,...,k}(¢ Æ j), we also have the following Claims. 
Claim 4 Each of the followings does not hold : 


(1) There are two paths Pi[w;,z] and P»|u;, z7], (z € vjai Cv) of length at most two 
that are internally disjoint from C and each other ; 


(2) There are two paths Pi [w;, z] and P»[ui, z*] (z € vja1C vj) of length at two that are 
internally disjoint from C and each other ; 


(3) There are two paths P [u;, z] and P2[u;, zt] (z € uf Cw) of length at most two that are 


internally disjoint from C and each other, and similarly for P; [u;, z] and P;[u;, 2 ] (z € ut Cv;). 
Claim 5 For any v € V(G), we have dn(v) < 1. 


If not, then by Claim 1, there exists a vertex, say v, in C such that dg(v) > 1. Let 
21,29 € Ng(v), then |[N(z1,23)| > NC2(G). 

First, we prove that |N(z1,23) CQ N ^ (11, 22)| € 2. Otherwise, let y1, y2 and ya be three 
distinct vertices in N(z1,22) O N*(z1,22). By Claim 2, we know y; € N(zi) N*(z3) or 
yi € N(x3) à N* (11) for any i € {1,2,3}. Thus, there must exist i and j (i Æ j,i, j € (1,2,3]) 
such that yi, yj € N(z1) O .N*(z2) or yi, yj € N(z2) à N* (a1). In either case, it contradicts 
Claim 3. So we have that |N (21,22) O N * (1,22)| < 2. 
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Now we have 


|IV(C) > |N(zi,22) U NH (1, 22)| 
> 2|N (z1, £2)|— 2 
> 2NC9(G)-2, 


so V(C) = N(a1,22) U N+ (z1, £2) by assumption on |V(C)|, and in particular, N (z1, £2) à 
N (21,22) = (yi, yz] Therefore yy € N(z1) A N* (x3) and yo € N* (x1) A N (2o). 

Now, we prove that dg(v*) < l,dg(v-) < 1. If not,suppose dg(v^) > 1, let 21,22 € 
Nr(v—), by Claim 1 and V(C) = N(zi,z3) U NT (a1, £2), N(z1,22) € IN * (11,2), so we have 
zi (or 2) € N(v~?). Using a similar argument as above, we have zı (or z2) € N(v-?), which 
contradicts Claim 3. Thus, we have dg(v-) < 1; similarly, dg(v*) < 1. 

Now, we consider N(x3,v-) U N- (z,,v*).Since dist(zo,v ^) = dist(ri,v^) = 2 and 
[N(zo,v-)| > NC2(G),|N-(zx1,v*)| = |N(z1,v*)| > NC2(G). We prove that |No(z3,v ) N 
No (z1,v*)| € 1. Let z € (Nc(z3,v-) N No (21, 07) }\{y7 }- 


We consider following cases. 


(i) Letze yf Cy;?, if zg € E(G) and z1z* € E(G), or zr3 € E(G) and v*z* € E(G), 
or v z € E(G) and ziz* € E(G), each case contradicts Claim 3; if v^z € E(G) and v*^z* € 
E(G), then C' = ziy3 OC z*v* O zv C yarvm, is a D-cycle longer than C,a contradiction. 

(ii) Let z € yt Cy, if zoz € E(G) and xi1z* € E(G), or xoz € E(G) and v*z* € 
E(G), both contradict Claim 3; if v^ z € E(G) and z1z* € E(G), it contradicts Claim 3; if 
v zi € E(G) and z^v* € E(G), then C' = zia Co zCv*z* Cyr zum is a D-cycle longer 
than C, for z € uC yr; and C' = ziy; Cv*z* Cv-z C yrs is a D-cycle longer than C for 
zc yaCv-. 

So, we have |No(za,v-) N No (21,07) <1. Moreover, yi, y; € N(zo,v )U N- (zx1,v*). 
Otherwise, if yy € N(v~), then C' = zy; Cyw” C yaxay, C vx is a D-cycle longer than C. 
By Claim 2, yı € N(a2) U N- (11, v^), so we have yy € N(zxo,v ) U N- (z1,v*). By Claims 1 
and 3 we have y5 € N(xo,v )U N-(zi,v*). Thus, we have 








|IV(C) 2 |Noc(za,v )U No (m1,v*)| +2 
> [Nc(zo,v-)| - |No (z1, 07)| - 142 
= [N(z2,v )VNn(za2,v )| + |[N(x1,v )VNn(m, v*)| +1 
> 2NC2(G)-2-41 


= 2NC?(G)- 1, 


a contradiction with |V(C)| < 2NC2(G) — 2. So, we have dg(v) € 1, for any v € V(G). 
Claim 6 t; 2. 


If t; = 1 for all of i, then Ng(u;) = 0) for all of i (if not, let z € Ng(u;) for some i, by 
Claim 1 and Claim 5 N(z) € V(C) and ujz € E(G) for some j. then, z € Ng(ui)  Nn(u;), 
a contradiction). Then N(u;)n N*(u;) = 0( otherwise, y € N(ui) O N*(u;), then C' = 
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zv a1 C y uy C viz is a D-cycle longer than C). Moreover, we have N(x)  N*(x) = 0 by 
Claim 2, N*(z) O N(uj) = N+ (u;i) N(x) = 0 by Claim 3. Hence, N(x, ui) O N* (x, ui) = 0. 
So we have 

IV(C)| > [N(z, uj) U N*(z, uj)| > 2|N (x, u;)| > 2NC2(G), 
a contradiction. So we may assume t; = 1 for some i, without loss of generality, suppose tı = 1 
and Nr(w,) Æ 0. Let y € Ng(wy), choose yı € N(y) such that N (y) N (yt Cuz) =). Using a 
similar argument as above and dg(ui) € 1, by Claim 5, we have 


IV(C)| = |Nc(z, u1) U N (z,u1)) > 2NC2(G) — 2. 


So V(C) = Nc(z,ui) U Nó (x, ui). Similarly, we know that V(C) = Nc(z,u1) U No (a, u1). 
Moreover, uyw; € E(G). If lu Cw; | = 1, then C' = mU) Cyrywrw; uvg is a D-cycle longer 
than C, a contradiction. So we may assume that |y] Cc w, |> 2. 

Now, we consider Nc(y, y?) U Nc (z, ui). Since dist(y, y) = dist(x, u1) = 2, |N (y, y] | > 
NC2(G), |N- (x, u1)| = |N (z, u1)| > NC2(G). Moreover, we have vi, v2 € No (y, yf JUNG (x, u1) 
and No(y, yt) O Ng(z,ui) € {we}. In fact, vı ¢ N(y,yf) by Claims 3 and 5, if vı € 
N~(a,u1), then vfx € E(G) or vtuj € E(G), which contradicts to Claims 2 and 3. So 
v1 € Nc(y. yf UNG (2, ui)if v? € Noly, yi), then veyt € E(G) by Claim 5, which contradicts 
to Claim 4. If v € No (z,ui) then vj € N(z,ui), which contradicts to Claims 2 and 3. So 
v2 € Nc(y, yt) U Nc (z, ui). Suppose z € Nely, yf) à Nc (x, ui) {wr}. Now, we consider the 
following cases. 

(i) z€ vyr. If yz € E(G) and zz* € E(G), then, it contradicts to Claim 3. Put 





c c 
yzC verry, uz C wyy if yz € E(G)anduiz* € E(G); 
Cs vzt+Cyryw, Oy} zC vm if y} z € E(G) andzzt € E(G); 
TUS Cyt Cwnyy C z^uyvix if y} z € E(G) and wzt € E(G). 








(ii) z€ Cu, then z € N (yf) since N(y) N (yf Cw; ) = 0. Let zy} € E(G) and zt 
No(z,u1). Since V(C) = Nc(z,u1) U No (z,ui), So yf € No(a,u1) U No (z,u1). If uryt € 
E(G) then C’ = ave C yyyw C yp unit is a D-cycle longer than C , a contradiction; if ryj € 
E(G), then it contradicts with Claim 3. Then, yf € N~(a,u1). If zz* € E(G) and yf?a 
E(G), then it contradicts to Claim 3; Put 





zy Cat CuiztCuz if y!?z € E(G) and uzt € E(G 

pes zva C yl z C yj 2u Cate if y} u € E(G) a 
=> = 19 Le p.42 " 

zx CypzCyj uz Cor if yf*u, € E(G) and uiz* € E(G). 


ri 


); 
); 
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In any cases, C’ is a D-cycle longer than C, a contradiction. Therefore, v1, v2 € Ne (y, yt )U 
Ng (z,u1), Nc(y, yt) A No (a, u1) € {we}. Hence, we have 


IV(C) = NeW, yt) UNE (z1, u )| +2 


> [Nelu yt)| + ING (n ui)] - 142 
= (Ny yt) \Nr yi )| + |N (1, NNnRG u)| +1 
> 2NC2(G wis 


2NC2(G) — 
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a contradiction with |V(C)| x 2NC2(G) — 2. 
Claim 7 If LES Nn(y;) Z 0, then Nn(y;) Æ 0 for all i € (1,2,..., k}, where y; = u; (wi, 
respectively). 

If not, without loss of generality, we assume that Ng(u1) 4 0 and Nr(ux) = 0. Suppose 
zı € Ng(uji) and y € N(zi) (y Z u1). Then dist(x1, y^) = dist(zi,y ) = 2 and |N(z1,y*)| > 
NC2(G), |N(z1. y )|  NC2(G). 

Case 1 N(z1)N (uf Cw) =Í. 

If not, we may choose y,y € N(zi)^ (uf Cur), such that N(z4) à (uf Cy) =). We 

define a mapping f on V(C) as follows: 


; — 
v. ifveurCy; 
f(v)24 vt ifve yC uy a; 


y  ifv-u. 


Then |f(No(z,uk))| = |No(z,ux)| = |N(x,ux)) > NC2(G) by Claim 1 and the assumption 
Nr(ux) = 0. Moreover, we have f(No(z,ux)) A N(zxi,y ) € {we, ui}. In fact, suppose that 
z € f(Nc(zx,uy)) O N(a1,y7)\{we, ui}. Obviously, z Æ vi, y^ by Claims 2 and 4. Now we 
consider the following cases. 

(i) Ifze ux Cw; , then z € Ng (ux) since N(x) N (ux C wr) =). Put 





ai unzt Cuzvg Curie C up if ziz € E(G); 





uzt Coso Cyrin Cy zC uk if y~z € E(G). 


(iz) If z€ ut Cy-2, then zy- € E(G) since N(xi) (uf Cy-) =. Put 





uy Czy Cztav C yru if zz* € E(G); 


C= 
ui Czy Cztup Cuzu, C yz ius if upz? € E(G). 








i 
(iii) If z € yt C vy, we put 











dn C wr C o ifrz- € E(G) and z1z € E(G); 
e ui Cy z0 viwa C yrru if xz7 € E(G) and y^z € E(G); 

uC z~UpC vy ru, C zzu if uyz- € E(G) and z1z € E(G); 

ui Cy^zCuyzvi Quiz" C yriui if uuz- € E(G) and y~z € E(G). 


In any cases, C” is a D-cycle longer than C, a contradiction. Therefore, we have f (Nc (x, uj))n 
N(a1,y_) € {we, ui}. By Claims 2 and 4, we have uy € N(z,uyj) and vı € N(zi,y ). Then 
vı € f(Nc(z,ux)) U N(zi, y). Hence, by Claim 6 we have 


IV (C)] 


IV 


|f (Nco(z, ux)) U No(zi, y )] +1 
If (No(z,ux))| + |Nc(z1, y )| - 2*1 
2NC2(G) — 2. 


Uk 
Uk 


IV 


IV 
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So, we have V(C) = No(zi,y ) U f(Nc(z,ug)) U {v1}, No(zxi,y ) 9 f(Ne(a, ux)) = 
[wy, ui}. Hence, y~we € E(G) and uput € E(G) since t; > 2. 

Now, we prove that Ng(y-) = 0. If not, there exist yy € Na(y ),z € No(y1) (z Æ y^) by 
Claim 1 and ó 2. 


Subcase 1 N(yi) N (uy C y?) =Í. 


If not, we choose z € N (y1), such that N (y1) A (z* Gy?) — (). Therefore we can define a 
mapping fı on V(C) as follows: 


v.  ifvc ut Cz; 
(v) vt ifve zt? C wp; 
i zt? ifu=up; 
zt if v = up. 


Using an argument as above , we have | fı (Nc (x, ux)| > NC2(G). Moreover, we have z*,vi, y ¢ 
Nc(yı,z*) U fı(No(z,ugk)) and No(y1,2*) 9 fı(No(z,uk)) € {2+?, y7, we}. Clearly, z* € 
No(yi,2*). If zt € fı(Nc(z,up)), then, up € Nc(z, ux), a contradiction. yiv1 ¢ E(G) by 
Claim 5. If v4z* € E(G), since y, zt € N^(yi), the two paths yxu; and z*v; contradict with 
Claim 4; By Claims 2 and 4 , we have y € N(yi, z^), if y € fa(No (v, ux)) then y^ € No(2, ux), 
by Claim 3 y~ ¢ N(x), so y~ € N(ug), then C’ = zv C yz uy Cy uy C vz is a D -cycle 
longer than C, a contradiction. So we have z*,vi,y € No(yi, z^) U fa(No (v, ug)). Suppose 
s € No(y1,27) filNo(a, ux) N77, y7, wr}. 

Now, we consider the following cases. 

(i) s€ yt Crp. If yis € E(G) and zs^ € E(G) then it contradicts with Claim 4. We put 











ru, C syy C uyziy C suy Quz if yis, uys^ € E(G); 
< 4 
C'—4 zs-CymziuiCzyy CztsCux if zts,zs- € E(G); 
cup C sz* Cy yvizCuymiy C s up Cor ifz*s,uys € E(G). 








(ii) s€ ug C wy. 1. We have s € N (ux) since N(x) N (ux C wp) = ().Put 





voy C yriui Cy-yisCuss* Cut if yis,upst € E(G); 


e = 
zup C yriui Czyy- CztsCupst Cuz if zts, ust € E(G); 





(iii) s € ui Cy7?. If ys, vs* € E(G) then contradicts to Claim 4. If ys, uss* € E(G), 
then 





" « > NN > 
C = tvk C yxu C syry Cs'ujCuix 


is a D-cycle longer than C, a contradiction. If s € ztCy-, we put 





< > € > ] 
xs Cz'sCy yzCuiiyCur if z^s,s x € E(G); 


e 
zv C yriui Czywy- C sz* C ss Cus if z*s,s—uz € E(G). 
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= 
If sc u1 Cz, we put 





rst Czyy CztsCunyCne if zts, gst € E(G); 


g= 
zv C yriti Cszt Cy-yzC stug Cuz if z*s,uys* € E(G). 





In any cases, C” is a D-cycle longer than C, a contradiction. Hence, by Claim 5 we have 


lfi(No(a, ux)) U Non 2*)| +3 
> |fi(Ne(z,ux))| + Noy, 2*)) - 3-3 
> ONCE) <1, 


IV (C)] 


v Iv 


a contradiction. So N (y1) Q (ui C y72) =Í, 
Subcase 2 N(yi) N (yur) =f. 


If not, we may choose z € N (y1) NA (yC vy), such that N (y1) ^ (yC z7) = (). Therefore, we 
can define a mapping f2 on V(C) as follows: 


. A 3 => 
yt if v € u1 C y7? U z7 C wpk-1; 


=> => 
v.  ifveytCz?UuiCu; 
z if v = Up; 
fa(v) = ; 
Ui if v = ur; 
z7? ifu=y; 
ui ifv—y- 


Using a similar argument as above , we have | fo(No(x, ux))| > NC2(G). We consider No(yi, 27 )U 
fa(Nc (x, uj)), then v, uT ¢ Nolyı, z7) U fa(Nco(z,ug)), and No(yi, 27) 9 fa(No(z,ug)) € 
{y~, we}. In fact, v ¢ N(y1,27) by Claims 4, 5 ; if v € fo(N(a,ug)) then up € N(x, ux), 
a contradiction; if uf € N(z-), then the paths yziu; and z~uf contradict with Claim 5; if 
ut € fo(Nc(a,ux)), then uy € N(x, ui), a contradiction. So we have vj, ut, € No(y1,27) U 
fa(Nc (x, uj)). For s € No(yi, z ) fo(Na(a, ux))\{y~, we}, we consider the following cases. 


(i)Ifs€ ui C y. We have s € N(z-) since N(y1)n (uy C y?) — (). Put 





e zs- CuymyC z-sCy- yz Cvm if s zc E(G) 





zvk C zy" C sz C yiii Cru, Ov if suy € E(G). 


(ii) If s € ux C v1, then st € N (uy) since N(x) (uz C wy.) zs. Put 





€ < < 
zuk C zyiy- CuixiyC z-sC ust Cuz ifz-sc E(G); 


Q= 
zv C yrru Cy-yisCuss* Cuz if yis € E(G). 





=> => 
(iii) If s € yCz ?, then we have s € N(z~) since N(y1)M (yC z ?) = 0. Put 





> ¢ < < : 
xiyCsz Cs'zuCzyy Cuin if ast € E(G); 


C= « < > => , 
zuyCzyy CuyayyC sz~stupCuyx if ups? € E(G). 
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(iv) If s € z7 C vy. If yis,7s_ € E(G) then it contradicts to Claim 4. We put 





cvy C syy Cuiziy C sux Qvi if yis, ups ™ € E(G); 
< < 
C'—4 zs-Czyy CuuyCz svg if z^s,s xc E(G); 
< < 
zup C sz” CymzxiuiCy yizCs uyjCur  ifz s,s uy € E(G). 








In any cases, C’ is a D-cycle longer than C, a contradiction. Therefore, we have vi, ut, € 
No(yı, z7) U fa(No(a, ux )), and Ne(y, z7) N fa(No (x, ux)) C eo; wr}. So 


|IV(C) 2 |Nc(w.2 )U fa(Ne(a, ux))| +2 
2 |Nc(ys z )| - |Nc(z,ux)) - 24-2 
> 2NC2(G)-—1, 


a contradiction with |V(C)| < 2NC2(G) — 2. Hence, N(y My } € (ux Cu). 
Subcase 3 N(yi) N (ux Cui) =f). 


If not, we may choose z € N(y1)M (ux C us), such that N(y1)à (z*Cu;) — (). We define a 
mapping f3 on V(C) as follows: 





vu  ifvc yt Cu U uf C2t; 
vt ifve z?0y7 
fav) 9 4 z* ifvu = us; 
Uk ifv=y; 
zt? dfív-y. 


Using a similar argument as above , we have |fs(Nc(z, ux))| > NC2(G). Moreover, z*,ut € 
Nc(yi, z*) U fs(Ne(z,ux)), No(y1,27) O fs(No(z,ug)) € (y^ ,wx)- In fact, clearly, z* ¢ 
Ne(y1, 27), if z+ € fs(No(a, ug)), then up € No(z, ux), a contradiction; if uf € No(yi, z*), 
then uf € N(z*) since No(y1) N (y? Cup) = 9, so © = rıiyCzyy Cutzt Cua is a 
D -cycle longer than C, a contradiction; if uf € f3(Nco(a,ux)) then ur € No(z, uj),a con- 
tradiction; so we have zt+,uf € No(yiz*) U fa(No(z,ux)). Suppose s € No(y, z*) 
fs(No(x, ur))\{y~ , we}. Now, we consider the following cases. 
(i)If se vx C z*, then We have stu, € E(G) since N(x) N (ux C wy) =. Put 











rop C yr Cy-yisC ust Cure if yis € E(G); 


C= 
zop C yz jui Cy yizCs Fuk C szi Cus if zts € E(G). 








(ii) If s € z+ Cwr, then we have s~ux, szt € E(G) since N(x) NA (ux C we) = N(y)n 
E 
(z* Cv) =. Put 





< < 
OC! = axupCyruCy yizCugs- Cz'sCux 


=> => 
(iii) If s € uy C y ?, then we have sz* € E(G) since N (y1) N (u1C y ?) = 0. Put 
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rs- Cum C zy" Csz* Cue if zs- € E(G); 


C= 
zu. C yryui Cs uy Czyny Cszt Cue if ups” € E(G). 





(iv)If s € yC vy, then we have szt € E(G) since N(y1) N (yC vx) = ().Put 





rst Czyy CuiziyC sz* Cuz if zst € E(G); 


Bas 
zvy C stu, C zyiy- Cuyzay C az * Ovr if uys* € E(G). 





In any cases, C" is a D-cycle longer than C, a contradiction. Therefore we have No (y1, z^) 
fas(:Nc(z,ux)) € {y~, we}. So we have 


|IV(C) = [No(y1,2*) U fs(Nc(z,ux)] + 2 
> |No(y,27| * |Nc(z, ux)| -2+2 
> 2NC2(G)-1, 


a contradiction with |V(C)| < 2NC2(G) — 2. Hence, N (y1) A (ur C vi) =, 
Thus, N(y1) = {y7}, which contradicts to 6 > 2. Therefore, we know that Nr(y~) = 0. 


So we have 


|V(€)] 


IV 


|F (Nco(z, ur)) U No(z, y )| +1 
2 |f(Nc(z,ux)) * INc(z,y )) -2+1 
= |N(a,ur)\Nr(@, ux)| + |N (z1, y7 )NnGQu y )| - 1 
= [N(z,u)| * [N(zi y )| -1 
> 2N0C2(G)—1, 
=> => 
a contradiction. So we have N (a4) N (ut C vx) = (), hence, N (z1) € up C ui. 
Case 2 N(zi) ^ (u& C vi) — 0. 
Otherwise, since vqz1 € E(G), we can choose y, y € uy C wx, such that N (z1) A (y+ Cw) = 


(). Therefore, we can define a mapping g on V (C) as follows: 


, up mE 
v ifveu Cy; 





. => 
v* ifveytCur; 


yt if v= üi, 


y if v = wv. 


Using a similar argument as before, we have |g(Nco(z,ux))| > NC2(G), yt € g(Nc(z,ux)) U 
N(az1,y^) and g(No(x, ur)) O N(z1, y*) € {u1}. Hence, by Claim 6 we have 


IV(C) 2 lg(Nc(z,ux)) U N(z1,y*)| +1 
> lg(Nc(z,ux))| +|N(a1,yt)| - 14 1 
> 2NOCX(G)- 1, 
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a contradiction. So N(a#1)N (ux Cvi) =. Then N(z1) = {u1}, which contradicts to ô > 2. 


Claim 8 If z; € Ng(ui) and N(zi) n (uf Cu) # Ú, then Huku, y- we} N E(G)| = 1 for 
=> 


y € N(z1) (uf Cog) with N(zi) n (uf Cy-) = 


First we have d(z1, y7) = 2 and |N(z1,y-)| > NC2(G).Let uput € E(G). Now we define 
a mapping f on V(C) as follows: 


— —— 
vT if v € u}? Cv Uut’ Cy; 
: = 
v? ifveyCu,a; 
y if v = uk; 
f()4 y  ifv-u; 
ui if v = uf; 
vu ifv-uj 


uk ifv=uy. 


Then |f(No(z,uz)) = |No(zx,ux)) > NC2(G) — 1 by Claim 5. Moreover using a similar 
argument as in Claim 7, we have f(No(z,ux)) O N(zi,y ) € {we,ui,y}. But we have 
y vi, Un € f(No(x,uk))UN (z1, y~) by the choice of y Claims 2 and 4, respectively. Therefore, 
by Claim 5 we have 


IV(C) = |f(Nc(z,ux)) U Nc(3i,y )| +3 
> [f(No(z,u))- |Nc(zu y )) - 33 
> SNCNG)-» 


So V(C) = f(Nc(z,ux)) U No(xí,y ) U (vi, y~, ux) by the assumption on |V(C)|, and in 
particular, f(No(z,uj)) No(z1,y ) = (wx, u1, y). Therefore, y wi € E(G). Using a similar 
argument as above, we have if y^ wy ¢ E(G), then uyuj € E(G). 


Claim 9 There exists a vertex x with x ¢ V(C) such that Ng(u;) = Ng(w;) = 0. 


We only prove Ng(u;) = 0. If not, we may choose x ¢ V(C) such that min{t;} is as 
small as possible. By Claim 7, without loss of generality, suppose that t, = min{t;} for the 
vertex x. Let zı € Ng(ui) £2 € Nr(ug). By Claims 2 and 3, £x Æ z1, £2;£1 Æ z2. And 
by Claim 5 and the choice of x, we have N(z;) ^ (uz Ci) = (fori = 1,2. Since 6 > 2, 
N (a1) NA (u + Cup) # 0. Choose y € N(a1) N (ux C vy) such that N(a#1) N (uf Cy) = (), then 
d(zi,y-) = 2 and |N(x1,y~)| > NC2(G). By Claim 8, we have uput or y^ wy € E(G). 

First we prove that N (x4) N (yC vx) = Q). If not, we may choose z € y* Cv; such that 
N(z3) (z* Cun) = () by Claim 5. Then d(x2, zt) = 2 and |N(zo, z*)| > NC2(G). Now we 
define a mapping f on V(C) as follows: 
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=> => 

v- ifveut Cy Uzt? Cu; 
: — => 

vt ifveyCz UupCur; 

y ifv=z; 

vy ifv=zt; 


Uk if v = v4; 


y ifv=uy. 


Then |f(No(x2,27))| = |Nc(zo,2*)| > NC2(G) — 1 by Claim 5. Moreover using a similar 
argument as in Claim 7, we have f(Nc(zs,z*)) O N(zxi,y ) € {u1, y}. But y7, Uk, v1 ¢ 
f(Nc(zo,2*)) U N(z1, y), otherwise, uizt € E(G) or y v, € E(G) or z*wy € E(G) by 
Claim 5, and hence the D-cycle 





< 
uiC zzsuy Coizuy C ztu, ifuiz^ € E(G); 





C= urziyC uy” C ud uy Cu, ify ur € oe ); 





tu, C z wy C uto Cre if z*wy € E(G). 


is longer than C, a contradiction. Therefore, by Claim 5 we have 


|IV(C) 2 |f(Nc(z2,2*) U Nc y )| +3 
> f(Nc(za.z*)) + |INc(n. v )| - 23 
> 2NC2(G)-—1, 


which contradicts to that |V(C)| < 2NC2(G) — 2. So we have N (x2) N (yC vr) = Ø. Hence 
N(a2)ut Cy-)U {ug}. 

Now, we prove that N(z2) A (uf Cy-) = Ø. In fact, we may choose z € uj toy 
with z € N(a2) such that N(z2) N (uf Cz-) =). (Since toy” € E(G), otherwise, C' = 
uj Cy zoup C vito C yryua is a D-cycle longer than C, a contradiction.) Then d(a2,z~) = 2 
and |N(a2,z~)| > NC2(G). We define a mapping g on V(C) as follows: 


. +73 
v ifvez*Cuy 
— 
vt ifveuiCz 5 
Uy, ifv=2; 


up ifv=2z-. 


Then we have |g(No(2, z~))| > NC2(G) —1 by Claim 5. Moreover using a similar argument as 
in Claim 7, we have g(No(zo, z ))N(zi,y ) € {u1}. But vi, ux d g(No(zo, z ))UN(1, y); 
otherwise since Uk g g(No(xz2,z7))UN(z1,Y7), wee” € E(G) by Claims 2 and 4, and hence the 
D-cycle uy Cz- Wk C ujz3z C uyzvu; is longer than C, a contradiction. Therefore, by Claim 5 





we have 
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IV(CO| = lg(Nc(zs,2 ))n N(zo y )| +2 
> j|g(No(za,2 ))| -IN(zx1,y )| - 1-2 
> 2NO(G)- 1, 


which contradicts to that |V(C)| € 2NC2(G) — 2. So we have N (z2) A (uf Cy-) =f. 
Therefore, N (£2) = (ux), which contradicts to ô > 2. 


Claim 10 For any z ¢ V (C), t; > 3. 


Otherwise, there exists a vertex z,z ¢ V(C), such that min{t;} = 2 by Claim 6. Note 
that the choice of the vertex x in Claim 9, we have Nr(ui) = Ng(wi;) = 0 for the vertex 
x. Without loss of generality, suppose tı = 2, then Nọ (ui) O No(wi) = {ui} by Claim 4, 
N(x) O N*(x) = by Claim 2, and Ng (u1) N N(z) = N-(x)  No(wi) = 0 by Claim 3. 
Hence, Ng (x, u1) O No(x, wi) = {ui}. We also have |Nc(z,u1)| > NC2(G) and |[Nc(z,w1)| > 
NC2(G) since d(x, u1) = d(x, w1) = 2. Then 


V(C)| > |Ngo(z,u)U No(z,w1)| 
> |No(z,u1)| + |No(z, w1)| - 1 
> 2NC9(G)- 1, 


which contradicts to that |V(C)| € 2NC2(G) — 2. 
k 
By Claim 10, we have |V(C)| 2 k + 35 t; > 4k. Thus we get the following. 
i=1 


Claim 11 For any z,2 ¢ V(C), 


|V(C)| _ 2NOX(G) - 2 
4 7 4 





d(x) < = (NC2(G) — 1)/2. 


Claim 12 ufu; ¢ E(G), for the vertex z as in Claim 9. 


In fact, if usu; € E(G), then the cycle uf Cvjzv; C uju is a longest D-cycle not containing 
ui, by Claim 9. Thus d(u;) € (NC2(G) — 1)/2 by Claim 11. So we have 


NC2(G) € |N(z,u;)| < d(x) + d(ui) € NC2(G) — 1, 


a contradiction. We choose x as in Claim 9, and define a mapping f on V(C) as follows: 


+ D M 
U if v € uC ug; 
exe # Nd 
flv) U if v € ug Cu; 
v] = 
uj ifv = ùk; 
vı ifv = uk. 


Then |f(No(a,uz))| > NC2(G) and |No(z,ui)| > NC2(G) by Claim 10. Moreover, we 


have f(No(z,ux)) O No(z,ui)q(v2,U3,...,vk, wx]. By Claims 2, 4, and 12, we also have 
uj ,uj,..., uj 4 € f(No(z, ur)) U Nc(z, ui). Therefore, we have 
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IV(C) = |f(Nc(z,ux)) U No(z,u1) +k- 2 
> odf(No(z,ux))| - |No(z,u)| - k-k—2 
> 2NC2(Q) —2. 


So 
V(C) = f(Nc(z,ux)) U Nc(z,u)) U (ud ut,...,uf_,} 


by the assumption on |V(C)|, and in particular, 
f (No(z,uy)) O No(a, ui) = {v2, vs, ... Uk, Wk}. 
Then ujwj,ugjwy-i € E(G). 


Claim 13 k — 2. 


If there exists v € V(C)\{v1, vk} , by partition of V(C), we have vt? € f(Nco(xz,uj)) U 
No(z,ui)U(u , u$, .. ut 4). fvt? € Nc(z, ui), then v*?u; € E(G), and the cycle uvt? Cuz 
vC uz is a D-cycle not containing v^ by Claim 9. Thus d(v*) € (NC2(G) — 1)/2 by Claim 11. 
So we have 


NC2(G) € |N(z,v*)| x d(x) + dv*) € NC2(G) — 1, 
a contradiction.So vt € N(x, uj), which contradicts to Claims 2,3. Hence we have k = 2. 


Claim 14 Each of the followings does not hold : 


1) Thereisu € u1 C vs, such that utu € E(G) and uus € E( 


) ( G). 
2) There isu € ug C vj, such that u^ uj € E(G) and utu € E(G). 

) 

) 





( 
( => 
(3) There is u € u2C' vi, such that u*w; € E(G) and wu ws; € E(G). 

(4) There is u € uC vo, such that u*ws € E(G) and u~w, € E(G). 

If not, suppose there is u € ui C vo, such that utu, € E(G) and u^u3 € E(G). We define a 
mapping h on V(C) as follows : 


vt ifvc in tuas U ut Cu; 

v ifve ut Cur; 

ut ifv = v9; 

vı ifv = ug; 

uj ifv=4u; 

u ify=uf. 
Then |h(No(2, u2))| > NC2(G) and |No(a, u1)| > NC2(G). Moreover we have u1 ¢ N(x, u1)U 
h(N(a,u2)), and N(x,u1) N h(N(z,ua)) C {vg,ut}. In fact, clearly uy € N(a,u1), if ur € 
h(N(a,u2)), then u € N(z,ua), a contradiction. Let s € N(x,u1)M h(N(z,ua))N v2, u* ), 
ifs € ut Cv, N N(x, ur) N ACN (a, u2))\{v2,uT} then su; € E(G) and s~ug € E(G); or if 


108 Yongga A and Zhiren Sun 


s € us Cus CUN (2,3) Y h(N (2, u2)), then su; € E(G) and stuz € E(G), both cases contradict 
to Claim 3. So u1 ¢ N(z,u1) Uh(N(a, u2)), N(z,u1) N h(N(x,ua)) C (vo,u* ). Hence 


IV(C)| > |h(No(z,us)) UNo(z,ui)| +1 
> |h(Ne(z us) + |No(w,w)| -2+1 
> BNONQ)-1, 


a contradiction. Similarly, (2), (3) and (4) are true. 
Claim 15 N(u3) (uy Cw; ) = N(u1) (ug C wg ) = 0. 


If not, we may choose z € N(u2) A (uy C wj ), such that N(ua3) N (ui C z7) = Ø. then 
uiz € E(G) (if not, uz d E(G) then u227 € E(G) by partition of V (G), which contradicts 
the choice of z ) and N (u1) NA (z* Cw) — () (if not, we may choose s € N(u1)M (z* Cw), such 
that N(w1) N (z* Cs-) = 0 since ztu; € E(G). So s-uj ¢ E(G),by partition of the V(C), 
s ?u3 € E(G). Which contradicts Claim 14 ) Moreover uf Cz C N(u1), and zCv, C N (ua). 
Similarly , we have y € uz C ws such that u3y,uiy € E(G) and N(ui) (ua C y") = N(u2) N 
(yt Cun) =Í, yOu, C N(ui) and ut Cy C N(us). 

Now we define a mapping g on V(C) as follows: 


= 
vt ifvev;Cu;; 
=> 
v. ifv € u, Cw; 
g(v) = 


vg ifv = ws; 


wi ifv =w. 


Using similar argument as above , consider N(x, w1) U g(N(a,we2)), there exists u € V(C), 
such that wu, w2u € E(G) . Without loss generality, we may assume u € u C u1, Moreover 
then N(w2) N (ut Cw) = N(wi)N (uj Gur) — (), and viCu C N(w2), uCoz C N(w1). Let 
uzz.lfuce zCw;, u-u» € E(G) by partition of V(C) since uu, ¢ E(G), which contradicts 
to Claim 4 ; ifu € ui Cz, then C" = zvswiuC wy u» Qwau- Cuz is a D-cycle longer than 
C, a contradiction. If u = z, since z*?uj € E(G),z*u3 € E(G) by partition of V(C), which 
contradicts to Claim 4. Hence N(u3) N (uy Cw; ) =). Similarly N (u1) N (ua C w7) =f. 
By Claim 15 we have 





Claim 16 If there exists z € v Qos, such that uaz € E(G), then u1z € E(G) and ut Cz C 
=> E 
N(ui), z Cui C N(u2). similarly if there exists z € vgC vı, such that uaz € E(G), then 
=> => 
uiz € E(G) and uj Cz € N(ua), zC wa C N(u1). 


Proof of Theorem 5 


Now we are going to complete the proof of Theorem 5. We choose x as in Claim 9. By 
Claim 13, we know that k = 2. 

First we prove that there exists u € V(C) such that u1,u» € N(u). If there is not any 
u € V(C)\{ve, w1, uz} such that usu ¢ E(G), then wj u1 € E(G) (if not, wj u2 € E(G) by 
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partition of V(C)). If uw: € E(G) then uw] € E(G), so we have u1,u € N(w; ); if there 
is u € V(C), such that uzu € E(G) then, by Claim 16, uyu € E(G), hence u1, u2 € N(u). 

By Claim 16, clearly, there are not z € ui Qun, ye ug C we, such that yz € E(G). 

So we have G € Jı. The proof of Theorem 5 is finished. 
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Abstract: In this paper, the crossing numbers of Pm V Pn, Cm V P, and Cm V Cn are 
determined for arbitrary integers m,n > 1, which are related with parallel bundles in planar 
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81. Introduction 


Let G be a simple and undirected graph with vertex set V and edge set E. The crossing 
number cr(G) of the graph G is the minimum number of pairwise intersections of edges in all 
drawings of G in a plane, which are related with parallel bundles in planar map geometries, i.e., 
Smarandache spherical geometries (see [6]-[7] for details). It is well known that the crossing 
number of a graph is attained only in good drawings , means that no edge crosses itself, no two 
edges cross more than once, no two edges incident with the same vertex cross, no more than 
two edges cross at a point of the plane, and no edge meets a vertex which is not one of its 
endpoints. It is easy to see that a drawing with the minimum number of crossings (an optimal 
drawing) is always a good drawing. Let D be a good drawing of the graph G, we denote the 
number of crossings in D by crp(G). Let A and B be disjoint edge subsets of G. We denote 
by crp(A, B) the number of crossings between edges of A and B, and by crp(A) the number 
of crossings whose two crossed edges are both in A. Let H be a subgraph of G, the restricted 
drawing D|g is said to be a subdrawing of H. As for more on the theory of crossing number, we 
refer readers to [1] and [2]. In this paper, we also use the term region in non-planar drawings. 
In this case, crossings are considered to be vertices of the map. 

Let G4 and Gə be two disjoint graphs. The union of Gi and G5, denoted by G4 + Go, has 
vertex set V(G1) UV(G2) and edge set E(G1) U E(G2), and the join of G4 and Gə is obtained 
by adjoining every vertex of G4 to every vertex of G2 in G4 + G2 which is denoted by G4 V G3 
(see [3]). 

Let Km,n denote the complete bipartite graph on sets of m and n vertices, P, the path of 
length n and Cm the cycle with m vertices. 


From these definitions, following results are well-known. 
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Proposition 1.1 Let Gi be a graph homeomorphic to Ga. Then cr(G1) = cr(G2). 
Proposition 1.2 If G; is a subgraph of G2, then cr(G4) < cr(G2). 


Proposition 1.3 Let D be a good drawing of a graph G. If A, B and C are three mutually 
disjoint edge subsets of G, then we have 

(1) erp(AU B) = crp(A) + erp(A, B) + erp(B); 

(2) erp( AU B,C) = erp(A, C) + erp(B,C). 


Proposition 1.4([4]) If G has n vertices and m edges with n > 3, then cr(G) > m — 3n + 6. 


Computing the crossing number of graphs is a classical problem , and yet it is also an 
elusive one. In fact, Garey and Johnson in [5] have proved that to determine the crossing 
number of graphs is NP-complete in general. At present, the classes of graphs whose crossing 
numbers have been determined are very scarce. 

On the crossing number of the complete bipartite graphs Km,n, Zarankiewicz gave a draw- 
ing of Km,n in [8] which demonstrates that 

er(Kimn)  Z(m n) = EZAR, 
i 2 2 2 2 
and conjectured cr(Km,n) = Z(m,n), Which is called the Zarankiewicz conjecture. More pre- 





cisely, Kleitman proved in [9] that if m < 6 and m < n, cr(Km,n) = Z(m, n). 

As we known, results for the join of graphs are fewer, particularly, Bogdan Oporowski 
proved cr(C3 V Cs) = 6 in [4]. Based on this, we begin to consider the crossing numbers of the 
join of Pm and Ph, Cm and Ph, Cm and Chn, and get the following theorems which consist of 
these main results in this paper. 


Theorem A Ifm> 1,n> 1 and min{m,n} € 5, then 


m, m-l,,on,,n-l 


cr(Pm V Pa) = [5] = Ls! L 2 





il. 
If m 2 3,n 2 1 and min(m,n 4- 1) € 6, then 
n n+l 


or(Om V Pa) = ZZR 





]41 
and if m > 3,n > 3, min(m,n) € 6, then 


m,,m-—l, n n-—l1 


cr(Cm V Ch) = L5:1L—75—1151L 2 





| +2. 
Theorem B Ifthe Zarankiewicz conjecture is held for m > 7 and m < n, then ifm >1,n > 
1, min{m,n} > 6, 


or(Pm V Pa) = [LPS LES; 


ifm>3,n>1, min{m,n+1} > 7, 





or(Om V Pa) = LSU LS E 





J+1 
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and ifm > 3,n 23, min{m,n} > 7, 


er(Om V On) = (SI) ES 





| +2. 


§2. Some Lemmas 


Lemma 2.1 (1) There exists a good drawing Dı of Pm V Pa for given integers m > 1 andn> 1 
such that 


m m-l,n,n-cl 
Pa V Pa) = (SJ ILE 
erp, (Pn V Pa) = ee RH] 
(2) There exists a good drawing Dz of Cm V Pn for given integers m > 3 and n > 1 such 
that 





m m—1 n n+1 


us ds 
(3) There exists a good drawing Da of Cm V Cn for given integers m > 3 and n > 3 such 
that 


crp (Cm V Pn) = | 





m,m—-1n,n-1 


cr Ds (Cm V Cn) = [51 La L51L 5 ] +2: 














Proof By Fig.2.1-Fig.2.3, the conclusions are immediately held. 





Lemma 2.2 cr(C3 V C3) = 3. 


Proof From Lemma 2.1(3), er(C3 V C3) < 3. We know C3 V C3 has 6 vertices and 15 edges, 
then cr(C3 V C3) > 15 —3x 6 + 6 = 3. Therefore the conclusion is held. 

In the following Lemmas, let G be a connected graph with V (G) = (z1,22,..., 8n (n > 3)) 
and Cm a cycle with V (Cm) = (yi. y2...., Ym}. Then we know that V(Cj, VG) = V (Cm)UV (G) 
and E(Cm V G) = E(Cm) U E(G) U E*, here E* = (zx;yjli = 1,2,...,m j =1,2,...,m}. 














Lemma 2.3 For any good drawing D of Cm V G, 


cr(Cm V G) > erp(E*) > cr(Km.n)- 











Proof Since the edge-induced subgraph of E* is Km,n, the conclusion is evident. 





Lemma 2.4 Let $ be an optimal drawing of Cm V G. Then cr¢(E(Cm)) = 0. 

Proof We assume there exists an optimal drawing 9 of Cm V G such that crg(E(Cm)) 4 0. 
Then m > 4 and there exist two crossed edges e, f € E(Cm). We assume that e = yiy;, f = ye, 
where i, j, k,l are distinct. For convenience, we denote the crossing between e and f by v. Since 
Cm is 2-connected, there exist two paths P, and P; connected y; and yx, yj and yi, respectively 
and P;(i = 1,2) does not pass v. In the following, we shall produce a new good drawing @ of 
Cm V G (see Fig.2.2 below). 
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Fig.2.2 





Fig.2.3 


At first, we connect y; to y; sufficiently close to the section between y; and v of e and 
the section between y; and v of f, then we get a new edge e' = y;yi. Analogously, we can get 
another new edge f’ = y;yx. Secondly, we delete two original edges e and f. In this way, we 
produce a new good drawing $' of Cm V G such that the crossing v in ó is deleted in ¢’, the 
other crossings in ¢ are not changed in ¢’ and there is no new crossing occurring in ¢’, then we 
get that erg (Cm V G) =crg(Cm V G) — 1, contradicts to that ¢ is an optimal drawing. 

















eessseseseeceoseseat 


Fig.2.2 


Lemma 2.5 Let ¢ be a good drawing of Cs, VG such that crg(E(Cm)) = 0, cr¢g(E(Cm), E(G)) = 
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0 and cr¢(E(Cm), E*) < 1. 

(1) Ifcrg(E(Cm), E*) — 0, then crg(Cm V G) 2 ae DIS IEEE 

(2) If erg(E(Cm), E*) = 1, then crg(Cm V G) > (n - 1)n 2 2) 2 || 872 | +1. 

Proof Since EL = 0, the subdrawing ¢|c,, divides the plane into two regions. 
As cr¢(E(Cm), E(G)) = 0 and G is connected, any vertex x; of G lies in the same region, say 
the finite region. For convenience, let E* = {xjy;|j = 1,2,..., m] for i = 1,2,...,n. Then 
cro (E*) — 0. Since E* = Uf? E’, we find that er; (E*) = MM erg (E*, E*). 

(i) Since crg(E(Cm), E*) = 0, then for any i = 1,2,...,n, xy; does not cross any edge in 
E(C,,). For any integers i,k, 1 < i < k € n, x; must be connected to each y; (j = 1,2,...,m), 
these m edges connecting z; to all yj € V (Cm) which divide the finite region into m subregions, 
we know that x, lies in one of these subregions. Thus the m edges connecting x, to y; must 
cross the edges adjacent to x; at least | 2 || *— | times (see Fig.2.3 below). Then crg(E’, E*) > 
| ] [7]. So erg(Cm V G) > ers(E*) = Dicicren cro (E, BS) > infa — 1) 2] [872]. Our 
conclusion (1) is held. 





Fig.2.3 


(it) Since crg(E(Cm), E*) = 1, there exists only one k € (1,2,...,n). Without loss of 
generality, we assume that k = n such that for some j € (1,2,..., m], x,y; crosses exactly one 
edge in E(C,,). For any integer i = 1,2,...,n — 1, x;y; does not cross any edge in E(Cm). 
Similar to (i), for 1 € i < k € n — 1, ere(E', EF) > |2][|2z]. Then crọ(Cm V G) > 
erg(E*) +1 2 Y eigen a4 Cro (7, EP) +1 > $(n— 1)(n - 2)| 2] | * | +1. Our conclusion 
(2) is held too. m L1 





83. Proofs 
Proof of Theorem A 


(1) If n = 1, Pm V Pı is a planar graph, the conclusion is held. 
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If n > 2, from Lemma 2.1(1) we know cr(Pm V Pa) € |: || 2 || 2|]| 2233]. Since P, is 
connected, combining with Lemma 2.3, cr(Pm V Pa) > cr(Km4in+1). For min(m,n) < 5, 
or(Kmainst) = LEIL [E][232]. Then er(Pm V Pa) > |2]|2.][2]| 232]. So the 
conclusion is held. 


(2) From Lemma 2.1(2), we know that cr(Cm V Pn) € | 2]| £t J| 2] | 42) +1. 

If n = 1, cr(C,, V Pi) € 1, and Cm V P, has a subgraph which is homeomorphic to Ks, 
then the conclusion is held. 

If n > 2, since P, is connected, combining with Lemma 2.3 and min{m,n+ 1) < 6, 
cr(Cm V Pa) > | ]| *z3]| £]| £24]. We assume there exists an optimal drawing ¢ such that 
cr¢(Om V Pa) = ||| 253]|2]| €]. By Lemma 2.3 and min{m,n-+ 1) € 6, erg(E*) > 
[2 J[72][2] [53]. While 


erg(CmV Pn) = erg(E(Cm)) + ere E(P8)) ero (77) 
+ cr¢(E(Cm), E(P,)) + erg(E(Cm), E*) + erg(E(P4), E^), 


we get crg(E(Cm)) = 0, crg(E(Cm), E(Pn)) = 0 and crg(E(Cm), E*) = 0, combining with 
(1), erg(CmV Pa) > $n(n4-1)| 2: ] [44]. It is easy to check that 3n(n--1)| 2 | | 4+ | 
> [2 [2 [2| 223| for integers m > 3 and n > 2, a contradiction. Thus the conclusion is 
held. 


Lemma 2.5 


(3) By Lemma 2.2, we have determined the crossing number of C3 V C3. Without loss of 
generality, we can assume n > 4 in the following arguments. 

From Lemma 2.1(3) we know that er(Cm V Cn) € [3] 
connected, by Lemma 2.3 and min{m,n} € 6, er(Cs, VC) 7 E | 
there exists an optimal drawing y such that 


S B4 87 < oues vo < ee B RT ua 
By Lemma 2.3 and min(m, n) € 6, erg(E*) > | || 2 ||2 | | 2. 
By Lemma 2.4, cr;(E(C;,,)) = 0 and er;(E(C,)) = 0. As erg(Cm V Cn) = crg(E(Cm)) + 
cry(E(C,)) + er; (E*) + crg(E(Cm), E(Cn)) + cry(E(Cm), E*) + er; (E(Cs), E*), we get that 


cry(E(Cm), E(Cn)) <1, erg (E(Cm), E*) € 1. 


If cr(E(Cm), E(Cn)) = 1, since Cm and C, are vertex-disjoint cycles, then they cross at least 
twice, also a contradiction. So cry(E(Cm), E(Cn)) = 0. 

If cry(E(Cm), E*) = 0, by Lemma 2.5(1), crg(Cm V Cn) > 3n(n — 1)| 2 ]| 4]. It is easy 
to check that 2n(n — 1)| 2 || £4] > | 22] | 273] | 8] | 44] +1 for integers m > 3 and n > 4, a 
contradiction. 

If cr; (E(C,,), E*) = 1, by Lemma 2.5(2), crg(Cm V Cn) = 
it is also easy to check that (n —1)(n —2)| 2 ]| £4] c 1 > [3] 


and n > 4, a contradiction too. So the conclusion is held. 














This completes the proof of Theorem A. 
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Proof of Theorem B 


If the Zarankiewicz conjecture is held for integers m > 7 and m < n, then the crossing number 


of Km,n is Z(m,n) for m > 7 and m € n, so the proof of Theorem B is analogous to the proof 


of Theorem A. 














Notice that these drawings D1, D» and D3 in Fig.2.1 — 2.3 are optimal drawings of Pm V Py, 


for integers m > 1 and n > 1, Cm V P, for integers m > 3 and Cm V Cn for integers m > 3 and 


n > 3, respectively. 
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Abstract: A hamiltonian graph G of order n is k-ordered for an integer k,2 < k < n if for 
every sequence (v1, v2, ..., Ug) of k distinct vertices of G, there exists a hamiltonian cycle that 
encounters (v1, V2, ..., Uk) in order. For any integer k 71, let Œ —Zax..1 denote the additive 
group of integers modulo 3k — 1 and C the subset of Z3,-1 consisting of these elements 
congruent to 1 modulo 3. Denote by And(k) the Cayley graph Cay(G : C). In this note, we 
show that And(k) is a 4-ordered hamiltonian graph. 


Keywords: Cayley graph, k-ordered, hamiltonicity. 
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81. Introduction 


All groups and graphs considered in this paper are finite. For any integers n > 3 and k,2 < 
k < n, a hamiltonian graph G of order n is k-ordered if for every sequence (v1, vo, ..., Uk) of k 
distinct vertices of G, there exists a hamiltonian cycle that encounters (v1, v», ..., Up) in order. 
Let G —Zza; 1 denote the additive group of integers modulo 3k — 1 with k > 1 and C the subset 
of Zs, consisting of these elements congruent to 1 modulo 3. We denote the Cayley graph 
Cay(G : C) by And(k) in this note. 

For Vv;,v; € V(And(k)), d(vi)2d(vj)—k, vi ~ vj if and only if j — i = +1(mod 3). 
We have known that the diameter of And(k) is 2 and the subgraph of And(k) induced by 
(0,1,2,..., 3(k — 1) — 2} is And(k — 1) by results in references [2] — [3]. Therefore, we can get 
And(k — 1) from And(k) by deleting the path 3k — 4 ~ 3k — 3 ~ 3k — 2. As it has been shown 
also in [2], there exist 4-regular, 4-ordered graphs of order n for any integer n > 5. In this note, 





we research 4-ordered property of And(k). 


§2. Main result and its proof 


Theorem And(k) is a 4-ordered hamiltonian graph. 


Proof We have known that And(k) is a hamiltonian graph. For any $ = (a,u,v,w) C 
V[And(k)] = (0,1,2, ...,3k— 2}, it is obvious that there is a hamiltonian cycle C that encounters 
the vertices of S, not loss of generality, we can assume it passing through these vertices in the 


order (z, u, v, w). By a reverse traversing, we also get a hamiltonian cycle that encounters the 


TReceived August 16, 2007. Accepted September 18, 2007 


118 Lei Wang and Yongga A 


vertices of S in the order (x, w,v, u). Notice that there are six cyclic orders for (x, u,v, w) as 


follows: 
(x,u, v, w), (x, w, v, u); 
(x, w, u, v), (2, v, u, w); 
(a, U, WU, v), (x, v, w, u). 


Here, in each row, one is a reversion of another. 
Our proof is divided into following discussions. 
Firstly, we show that there is a hamiltonian cycle C that encounters the vertices of S in 


the order (x, v, u, w). 


Case 1 v—u=0(mod3) 





Notice that v—(u—1) = v—u+1 = 1(mod3), v ~ (u—1), (v+1)—u = v—u--1 = 1(mod3), 
(v +1) ~ u in this case. There exists a hamiltonian cycle 
17—0,1,2,3,.,u—1,v,v—1,v—2,..,u,vc-1,v42,..w,..,3k — 2 
in And(k) encountering vertices of S in the order (x, v, u, w). 
Case 2 v—u=1(mod3) 


In this case, v — (u — 3) = v—u+3= 1(mod3) , v ~ (u—3), (v-1)-(u-2) = v- u +3 = 
1(mod3) , (v + 1) ~ (u — 2). We find a hamiltonian cycle 








z=0,1,2,...,u—3,v,v—1,...,u,u—1lu-—2,v+1,v4+2,...w,...,3k —2 
in And(k) encountering vertices of S in the order (z, v, u, w). 


Case 3 v—u= 2(mod3) 








Since v—(u—2) = v—u +2 = 1(mod3), v ~ (u—2), (v+1)—(u—-1) = v—u4-2 = 1(modq3), 
(v+1)~ (u — 1) in this case. We have a hamiltonian cycle 


z=0,1,2,...,w—2,v,u—1,...,u,u-1l,v+1,v4+ 2,...w,...,3k —2 


in And(k) encountering vertices of S in the order (x, v, u, w). 

By traversing this cycle in a reverse direction, there is also a hamiltonian cycle that en- 
counters the vertices of S in the order (x, w, u, v). 

Next, we show that there is also a hamiltonian cycle C that encounters the vertices of S 


in the order (x, u, w, v). 
Case 1 w—v=0(mod3) 


Notice that w—(v—1) = w—v+1 = 1(mod3), w ~ (v—1), (w--1)—v = w—v+1 = 1(mod3), 
(w+ 1) ~ v in this case. We find a hamiltonian cycle 





z=0,1,2,...,u,..,v-l,w,w—1,...,v,w+1,w42,...,3k —2 
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in And(k) encountering vertices of S in the order (x, u, w, v). 


Case 2 w—v=1mod3 





In this case, (w + 1) — (v — 2) = w— v +3 = 1(mod3), (w+ 1) ~ (v—2), (w+2)-(v-1) = 
w — v + 3 = 1(mod3), (w + 2) ~ (v — 1). There exists a hamiltonian cycle 


z=0,1,2,...,u,...,v-2,w+1,w,w—1,...,v,v—1,w4+2,...,3k — 2 


in the graph And(k) encountering vertices of S in the order (x, u, w, v) if w 4 3k—2,u # v— 1. 
While w = 3k — 2,u = v — 1, notice that (3k — 2) — v = 1(mod3), 3k — v = 0(mod3) and 
v = 0(mod3). So u +5 = (v — 1) + 5 = v + 4 = 1(mod3), u+ 5 ~ 0. The cycle 





xz =0,1,2,3,..,u,ut4,ut+3,u+ 2,u+6,u+7,..., 3k —2,v(u+1),u+5,0 


in And(k) is a hamiltonian cycle encountering vertices of S in the order (x, u, w, v). 
Case 3 w—v = 2(mod3) 


By assumption, (w + 1) — (v — 1) = w — v + 2 = 1(mod3), (w + 1) ~ (v — 1), (w+2)-v= 
w — v +2 = 1(mod3), (w +2) — v. We get a hamiltonian cycle 


x = 0,1,2, ...,u,... V — 1, w +1,w,w-— l,..,v,w 4-2,..,3k — 2 


in And(k) encountering all vertices of S in the order (x, u, w, v) if w 4 3k—2,u #v—1. Now if 
w = 3k—2,u = v—1, w— v = 2(mod3), notice that (w—2)—u = (w—-2)—-(v—-1) 2w-v-1z 
1(mod3), (w — 2) ~ u, w — (u — 1) 2w—(v—1—1) = w — v + 2 = 1(mod3), w ~ (u — 1), 
(w—3)—0 = (3k—2)—3 = 3k—5 = 1(mod3), (w—3) ~ 0, (3k—2)—(u+1) = 3k—3—u = 2(mod3), 
u — 0 = 1mod3), u ~ 0. There is also a hamiltonian cycle 








x = 0,u, w — 2, w — 1, w,u — 1, ...,1,v,v + 1, v + 2, ... w — 3,0 





in And(k) encountering vertices of S in the order (x, u, w, v). 
By traversing the cycle in a reverse direction, we also find a hamiltonian cycle that en- 


counters the vertices of S in the order (x, v, w, u). 











'This completes the proof. 
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§1. Introduction 


A drawing D of a graph G on a surface S consists of an immersion of G in S such that no edge 
has a vertex as an interior point and no point is an interior point of three edges. We say a 
drawing of G is a good drawing if the following conditions hold: 


(1) no edge has a self-intersection; 

(2) no two adjacent edges intersect; 

(3) no two edges intersect each other more than once; 

(4) each intersection of edges is a crossing rather than tangential. 


The crossing number cr(G) of a graph G is the smallest number of pairs of nonadjacent 
edges that intersect in a drawing of G in the plane. An optimal drawing of a graph G is a 
drawing whose number of crossings equals cr(G). 

Now let G4 and G2 be two vertex-disjoint graphs. Then the union of G4 and G2, denoted 
by G1U Gs, is a graph with V (G1 U G2) = V (G1) U V (G2) and E(Gi U G2) = E(G1)U E(G3). 
The Cartesian product G1 x G2 of graphs G1 and G3 has vertex set V(G1x G3) = V(G1) x V (G2) 
and edge set E(G, x G5) = {{(ui,v;), (un, vx)M(u; = Un and vjv; € E(G2)) or (v; = vi and 
uiun € E(G,))}. A circuit C of a graph G is called non-separating if G/V(C) is connected, 
and induced if the vertex-induced subgraph G[V (C)] of G is C itself. A circuit is called to be 
an induced non-separating circuit if it is both induced and non-separating. For definitions not 
explained in this paper, readers are referred to [1]. The following result is obvious by definitions. 


Lemma 1.1 IfC is am induced non-separating circuit of G, then C must be the boundary of a 


face in the planar embedding. 


'The problem of determining the crossing number of a graph is NP-complete. As we known, 
the crossing number are known only for a few families of graphs, most of them are Cartesian 


products of special graphs. For examples, 
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cr(Cs x C3 


cr(C3 x Cn) = n (Ringeisen and Beinekein, 1978, see [9]); 


) = 3 (Harary et al, 1973, see [5]); 
) 

)28 

) 


cr(C4 x C4) = 8 (Dean and Richter, 1995, see [3]); 


cr(C4 x Cn) —2n, cr(K4x Cn) = 3n (Beineke and Ringeisen, 1980, see [2]) 
Let S,-1 and P, be the star and path with n vertices, respectively. Klesc [6] proved that 
cr(S4 x Pa) = 2(n — 2) and cr(S4 x Cn) = 2(n — 1). He also showed that cr(K»,3 x Sn) = 2n 
[7] and er(Ks x Pa) = 6n in [7]. Peng and Yiew [4] proved that cr(P31 x Pa) = 4(n — 1). 
In this paper, we extend these results to the product G; x P,,1 < j < 2 for two special 
graphs shown in Fig.1 following. 


Gi G2 Gi 


Fig.1 


For convenience, we label these six vertices on their outer circuits of G4 consecutively by 
integers 1,2,3,4,5 and 6 in clockwise, such as those shown in Fig.1. Notice that for any graph 
G;,i = 1,2, Gi x P, contains n copies of G;, denoted by Ga < j € n) and 6 copies of P,. We 
call the edges in GÍ black and the edges in these copies of P, red. For j = 1,2,:-:n — 1, let 
L(j, j +1) denote the subgraph of G; x P, induced by six red edges joining GÍ to G REM Note 
that L(j, j +1) is homeomorphic to 6K2. 


82. The crossing number of Gi x P, 


By joining all 6 vertices of G4 to a new vertex x, we obtain a new graph, denoted by Gj. Let 
T” be the six edges incident with x, see Fig.1. We know G1 = G4 UT” by definition. 


Lemma 2.1  cr(Gi) = 2. 


Proof A good drawing of Gj shown in Fig.2 following enables us to get cr(G1) < 2. We 
prove the reverse inequality by a case-by-case analysis. In any good drawing D of G1 , there 
are only three cases, i.e., crp(Gi) = 0, erp(G1) = 1 or erp(G1) = 2. 

Case 1 crp(Gi) =0. 


Use Euler's formula, f — 6 and we note that there are 6 induced non-separating circuits 
1231, 2342, 3453, 4564, 12461, 13561. So there are at most 4 vertices of G4 on each boundary. 
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Joining all 6 vertices to x, there are 2 crossings among the edges of G4 and the edges of T” at 
least. This implies cr(GT) > 2. 


Case 2 crp(Gi)- 1l. 


There are at most five vertices of G4 on each boundary. Joining all 6 vertices to x, there 


are at least one crossing made by edges of G with edges of T”. So er(G1) > 2. 


Case 3 crp(Gi) > 2. 
Then er(G1) > 2. Whence, cr(G1) = 2. 









































K253 X So 
Fig.2 


Lemma 2.2 In any good drawing of Gi x Pn, n > 2, there are at least two crossings on the 
edges of G5 for i — 1,2,---n. 


Proof Let w; denote the number of crossings on the edges of G^ for i = 1,2,---n and 
H; = (V (GHU V(Gi*))a,xp, for i = 1,2,---n — 1. First, we prove that wn > 2. Let T’ be a 
graph obtained by contracting the edges of Gg in H,. 4 resulting in a graph homeomorphic 
to Gj. 

By the proof of Lemma 2.1, wn > cr(T") = cr(G{) = 2. For i = 1,2,---n — 1, let T; be 


the graph obtained by contracting the edges of Gt in H; resulting in a graph homeomorphic 
to G1. Similarly, by Lemma 2.1, we get that w; > cr(T;) = cr(G}) = 2 fori = 1,2,---n— 1. 














Lemma 2.3 If D is a good drawing of G4 x Pa in which every copy of G4 has at most three 


crossings on its edges, then D has at least 4(n — 1) crossings. 


Proof Let D be a good drawing of Gi x P, in which every copy of Gi has at most three 
crossings on its edges. We first show that in D no black edges of G1 cross any black edges of 
Gi for i 4 j. If not, suppose there is a black edge of Gi crossing with a black edge of Gi. Since 
D is a good drawing and every edge of G, is an edge of a cycle, there exists a cycle induced by 
V(GÀ) which contains a black edge crossing with at least two black edges of 68. Now delete 
the black edges of Gi. The resulting graph is either 


(1) homeomorphic to G1 x P,-1 for i = 2,3,---n— 1; or 
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(2) contains a subgraph homeomorphic to G4 x P,-1 for à — 1 ori — n. 


Since every copy of Gi in G4 x Ph has at most three crossings on its edges, the drawing of 
the resulting graph has at most one crossing on the edges of Gr. Contradicts to Lemma 2.2. 


Next, we show that no black edge of G crosses with a red edge of L(t — 1,1) for t Z i and 
t Z i-- 1. If not, suppose that in D there is a black edge of Gi, (i Z t or i Æ t — 1) crossing 
with a red edge of L(t — 1,t). Then the red edge crosses at least two black edges of G1, for 
otherwise, in D, the subdrawing D(G1) separates two G4 and G^ is crossed by all six edges of 
L(t—1,t), a contradiction. Therefore, the red edge crosses at least two black edges of G^. Thus, 
D contains a subdrawing of a graph homeomorphic to G4 x P» induced by V(G{~') UV (G$) or 
V (Gi) UV (GI) with at most one crossing on the edges of Gi. Also contradicts to the Lemma 
2.2. 


For i = 2,3,---n — 1, let 
Q! = (V (GT )UV(Gi)UV(GI a xpa: 
Thus, Q* has six red edges in each of L(i — 1,i) and L(i,i-- 1), and ten black edges in each of 
G1 !, Gi and Gi‘. Note that Q^ is homeomorphic to G4 x Pz. See Fig.2 for details. 

Denote by Q* the subgraph of Q* obtained by removing nine edges uua, usu4,u4ug;,U2U3, 
U3U4, U4Ug, W2W3, W3wW4 and wawe. Notice that Q* is homeomorphic to K».3 x S2, such as shown 
in Fig.2. 

In a good drawing of G; x Pa, define the force f(Q*) of Qt to be the total number of 


crossing types following. 
(1) a crossing of a red edge in L(i — 1,4) UJ L(i,i+ 1) with a black edge in G}; 
(2) a crossing of a red edge in L(i — 1,7) with a red edge in L(i, i + 1); 
(3) a self-intersection in G}. 


The total force of the drawing is the sum of f(Q?) for i = 2,3,---n — 1. It is readily seen 
that a crossing contributes at most one to the total force of a drawing. 


Consider now a drawing DÀ of Q* induced by D. As we have shown above, in D no 
two black edges of different Gf and GY, for x,y € (i — 1,i,i+ 1) cross each other, no red 
edge of L(i — 1,1) crosses a black edge of Git! and no red edge of L(i,i + 1) crosses a black 
edge of Gr Thus, we can easily see that in any optimal drawing D? of Q* there are only 
crossing of types (i) , (ii) or (iii) above. This implies that in D, for every i, i = 2,3,---n — 1, 
f(Qi)2 er(Ka x S2) = 4 ([7]), and thus the total force of D is 7", f(Q) > 4(n — 2). 

By lemma 2.2, in D there are at least two crossings on the edges of G1 and at least 


two crossings on the edges of GT. None of these crossings is counted in the total force of D. 
Therefore, in D there are at least $27 f (Qi) +4 > 4(n — 1) crossings. 














Theorem 2.1 cr(G4 x Pa) = A(n — 1), for n > 1. 


Proof The drawing in Fig.3 shows that cr(G, x Pa) € 4(n — 1) for n > 1. 
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Fig.3 


We prove the reverse inequality by the induction on n. First we have cr(G1 x Pi) = 
A(1 — 1) = 0. So the result is true for n = 1. Assume it is true for n = k, k > 1 and suppose 
that there is a good drawing of G4 x P,41 with fewer than 4k crossings. By Lemma 2.3, some 
GÍ must then be crossed at least four times. By the removal of all black edges of this G$, we 
obtain either 

(1) a graph homeomorphic to G4 x Pp for i = 2,3,---n— 1; or 

(2) a graph which contains the subgraph Gi x Py for i =1 ori=n. 


The drawing of any of these graphs has fewer than 4(k — 1) crossings and thus contradicts 











the induction hypothesis. 





83. The crossing number of G2 x P, 


By joining all 6 vertices of G2 to a new vertex y, we obtain a new graph denoted by G5. 




















Go x P 


Fig.4 


Lemma 3.1 cr(G3) =3 


Proof A good drawing of G5 in Fig.4 shows that cr(G3) < 3.|V(G3)| = 7, |E(G3)| = 18. 
Apply 
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|E(G3)| + 2 x er(G3) € 3 x (IV (G3|  er(G3)) — 6, 
it follows that cr(G3) > 3. Therefore cr(G3) = 3. 














Lemma 3.2 In any good drawing of Gz x P4, n 2 2, there are at least three crossings on the 
edges of Gi, for i — 1,2,--- n. 


Proof Using the same way as in the proof of Lemma 2.2 just instead of Gi by GÀ), we can 











get the result. 





Lemma 3.3 If D is a good drawing of G3 x P, in which every copy of Ga has at most five 
crossings om its edges, then D has at least 6(n — 1) crossings. 


Proof Let D be a good drawing of Gg x P, in which every copy of G5 has at most five 
crossings on its edges. We first show that in D no black edges of G? crosses with any black 
edges of GI for i Z j. if not, suppose there is a black edge of G$ crossing with a black edge of 
p Since D is a good drawing and there are four disjoint paths between any two vertices in 
Gp, there are at least four crossings on the edges of pu crossed with edges of GÀ. Now delete 
the black edges of G$. Then the resulting graph is either 

(1) homeomorphic to Gə x P, 1 for i = 2,3,---n—1; or 

(2) contains a subgraph homeomorphic to Ga x P,-1 for à — 1 or i — n. 


Since every copy of G2 in G2 x Pa has at most five crossings on its edges, the drawing of 
the resulting graph has at most one crossing on the edges of e. Contradicts to Lemma 3.2. 

Next, we show that no black edge of GÀ is crossed by a red edge of L(t —1,t) for t Z i and 
t#i+1. If not, suppose that in D there is a black edge of G$, (i Z t or i Z t — 1) crossed by a 
red edge of L(t — 1,t). Then the red edge crosses at least four black edges of G4, for otherwise, 
in D, the subdrawing D(GÀ) separates two G and G$ is crossed by all six edges of L(t — 1, t), 
a contradiction. Therefore, the red edge crosses at least four black edges of GÀ. Thus, D 
contains a subdrawing of a graph homeomorphic to G5 x P» induced by V (G+) UV (G$) or 
V(GŻ) U V(G1*!) with one crossing on the edges of G$ at most. Contradicts to Lemma 3.2. 

For i = 2,3,---n—1, let 


Q = (VCF YUVCHI VGI axo. 

Thus, Q’ has six red edges in each of L(i — 1,i) and L(i,i + 1), and twelve black edges in each 
of Gi !, GÀ, and G^. Note that Q^ is homeomorphic to G2 x Ps. See Fig.4 for details. 

It is easy to see that Gz x P3 contains a subgraph homeomorphic to G4 x P5, denoted by 
Q}. In a good drawing of G2 x Pa, define the force f(Q*) of Qt to be the total number of 
crossing types following. 

(1) a crossing of a red edge in L(i — 1,4) U L(i,i+ 1) with a black edge in G$; 

(2) a crossing of a red edge in L(i — 1,7) with a red edge in L(i,i+ 1); 

(3) a self-intersection in GÀ. 

The total force of the drawing is the sum of f(Q) for i = 2,3,---n — 1. It is readily seen 
that a crossing contributes at most one to the total force of the drawing. 
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Consider now a drawing D? of Q* induced by D. As we have shown previous, in D? no 
two black edges of G3 and G$, for x,y € {i — 1,i,i + 1) cross each other, no red edge of 
L(i — 1,1) crosses with a black edge of G5*! and no red edge of L(i,i +1) crosses with a black 
edge of Gi. Thus, we can easily see that in any optimal drawing D! of Q* there are only 
crossings of types (i), (ii) or (iii) above. This implies that in D, for every i, i = 2,3,---n — 1, 
f(Qi)2 cr(G, x P3) = 8, and thus the total force of D is 357; f(Qi) > 8(n — 2). 

By lemma 2.2, in D there are at least three crossings on the edges of GÀ and at least 
three crossings on the edges of G7. None of these crossings is counted in the total force of D. 
Therefore, there are at least 357.5. f (Qi) + 6 > 6(n — 1) crossings in D. 


























[— 
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Gə x B, 


Fig.5 


Theorem 3.1 cr(G5 x Pa) = 6(n — 1), for n 2 1. 


Proof The drawing in Fig.5 following shows that cr(Go x Pa) € 6(n — 1) for n > 1. We 
prove the reverse inequality by the induction on n. First we have cr(G2 x Pi) = 6(1— 1) = 0. 
So the result is true for n = 1. Assume it is true for n = k, k > 1 and suppose that there is a 
good drawing of Gz x Pı with fewer than 6k crossings. By Lemma 2.3, some GÀ must then 
be crossed at least six times. By the removal of all black edges of this G$, we obtain either 

(1) a graph homeomorphic to Gz x Pp for i = 2,3,---n— 1; or 

(2) a graph which contains the subgraph G2 x Py for i — 1 ori — n. 

The drawing of any of these graphs has fewer than 6(k — 1) crossings and thus contradicts 
the induction hypothesis. O 
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Imagination is more important than knowledge. 


By Albert Einstein, an American theoretical physicist. 
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